
JEE Main 2024 April 5 Shift 2 Mathematics Question Paper with
solution

Time Allowed :1 Hour Maximum Marks :100 Total Questions :30

General Instructions

Read the following instructions very carefully and strictly follow them:

1. The test is of 3 hours duration.

2. The question paper consists of 90 questions. The maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and
Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(i) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and –1 mark
for wrong answer.
(ii) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value. Each
question carries 4 marks for correct answer and –1 mark for wrong answer. For
Section-B, the answer should be rounded off to the nearest integer.

Question 1: Let f : [−1, 2] → R be given by

f(x) = 2x2 + x+ ⌊x2⌋ − ⌊x⌋,
where ⌊t⌋ denotes the greatest integer less than or equal to t. The number of points where f is
not continuous is:

Options:
(1) 6
(2) 3
(3) 4
(4) 5

Correct Answer: (3)

Solution:

Given f(x) = 2x2+x+⌊x2⌋−⌊x⌋, we analyze its continuity. The floor function, ⌊x⌋, introduces
discontinuities at integer points since it changes its value abruptly.
Step 1: Points of discontinuity from ⌊x⌋ and ⌊x2⌋ 1. The term ⌊x⌋ is discontinuous at all integer
values of x within the interval [−1, 2], i.e., at x = −1, 0, 1, 2.
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2. The term ⌊x2⌋ introduces discontinuities at points where x2 crosses an integer value. On
solving: - For x2 = 0, 1, 4: - x = −2,−1, 0, 1, 2 (within [−1, 2], only x = −1, 0, 1).
Step 2: Combine discontinuities - Overall, the combined discontinuities occur at the union of
these points:

Points: x = −1, 0, 1, 2.

- Since these four points involve jumps in either ⌊x⌋ or ⌊x2⌋, f(x) is discontinuous at exactly 4
points.
Thus, the total number of discontinuities is 4.

� Quick Tip

For functions involving floor operations, identify discontinuities by analyzing points
where the floor function changes its value.

Question 2: The differential equation of the family of circles passing the origin and
having center at the line y = x is:

Options:
(1) (x2 − y2 + 2xy)dx = (x2 − y2 + 2xy)dy
(2) (x2 + y2 + 2xy)dx = (x2 + y2 − 2xy)dy
(3) (x2 − y2 + 2xy)dx = (x2 − y2 − 2xy)dy
(4) (x2 + y2 − 2xy)dx = (x2 + y2 + 2xy)dy

Correct Answer: (3)

Solution:

The family of circles passes through the origin and has centers on the line y = x. The general
equation of such a circle is:

(x− a)2 + (y − a)2 = r2,

where (a, a) is the center of the circle on the line y = x, and r is the radius.
Step 1: Expand the circle equation Expanding (x− a)2 + (y − a)2 = r2:

x2 − 2ax+ a2 + y2 − 2ay + a2 = r2.

Simplifying:
x2 + y2 − 2a(x+ y) + 2a2 = r2.

Step 2: Eliminate parameters a and r Since the circle passes through the origin, substitute
x = 0 and y = 0 into the equation:

02 + 02 − 2a(0 + 0) + 2a2 = r2 =⇒ r2 = 2a2.

Thus, the equation becomes:
x2 + y2 − 2a(x+ y) = 0.
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Differentiating both sides with respect to x:

2x+ 2y
dy

dx
− 2a(1 +

dy

dx
) = 0.

Rearranging to isolate a:

a =
x+ y dy

dx

1 + dy
dx

.

Substitute a back into the circle equation:

(x2 − y2 + 2xy)dx = (x2 − y2 − 2xy)dy.

Thus, the differential equation of the family of circles is:

(x2 − y2 + 2xy)dx = (x2 − y2 − 2xy)dy.

� Quick Tip

When dealing with families of circles, always consider symmetry and use the conditions
(e.g., passing through a point or centers on a line) to eliminate parameters.

Question 3: Let S1 = {z ∈ C : |z| ≤ 5}, S2 =
{
z ∈ C : Im

(
z+(1−

√
3i)

1−
√
3i

)
≥ 0
}
, and

S3 = {z ∈ C : Re(z) ≥ 0}. Then:

Options:
(1) 125π

6
(2) 125π

24
(3) 125π

4
(4) 125π

12

Correct Answer: (4)

Solution:

The goal is to find the area of the region formed by the intersection of S1, S2, and S3. We
evaluate these step by step.
Step 1: Region defined by S1 The condition |z| ≤ 5 implies:

x2 + y2 ≤ 25.

This represents the interior of a circle with radius 5 centered at the origin.
Step 2: Region defined by S2 The condition S2 is given by:

Im

(
z + (1−

√
3i)

1−
√
3i

)
≥ 0.
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Let z = x+ iy. Rewrite the expression:

z + (1−
√
3i)

1−
√
3i

=
(x+ iy) + (1−

√
3i)

1−
√
3i

.

Multiply numerator and denominator by the conjugate of 1−
√
3i, i.e., 1 +

√
3i:(

(x+ 1) + i(y −
√
3)
)
(1 +

√
3i)

(1−
√
3i)(1 +

√
3i)

.

Simplify the denominator:

(1−
√
3i)(1 +

√
3i) = 12 − (

√
3i)2 = 1 + 3 = 4.

Now expand the numerator and focus on the imaginary part:

Im

(
z + (1−

√
3i)

1−
√
3i

)
=

√
3(x+ 1) + y −

√
3

4
.

For S2, the imaginary part must satisfy:
√
3(x+ 1) + y −

√
3 ≥ 0.

Simplify: √
3x+ y +

√
3−

√
3 ≥ 0 =⇒

√
3x+ y ≥ 0. (1)

Step 3: Region defined by S3 The condition S3 is given by:

Re(z) ≥ 0 =⇒ x ≥ 0. (2)

Step 4: Intersection of S1, S2, and S3 The intersection of these conditions forms a sector of the
circle x2 + y2 ≤ 25, bounded by the lines

√
3x+ y = 0 and x = 0, in the first quadrant.

Angle of the sector The line
√
3x+ y = 0 passes through the origin and makes an angle of 30◦

(or π
6 ) with the negative y-axis. Therefore, the angle of the sector in the first quadrant is:

Sector angle =
π

2
− π

6
=

π

3
.

Step 5: Area of the region The area of the region is the area of the half-circle minus the area
of the sector defined by the arc AB.
1. Area of the half-circle:

Area of half-circle =
1

2
· πr2 = 1

2
· π(5)2 = 25π

2
.

2. Area of the sector AB:

Area of sector =
θ

2π
· πr2 =

π
6

2π
· π(5)2 = 25π

12
.

3. Shaded region:

Shaded area = Area of half-circle− Area of sector =
25π

2
− 25π

12
.

Simplify:

Shaded area =
150π

12
− 25π

12
=

125π

12
.
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Thus, the total area of the region is:
125π

12
.

� Quick Tip

For areas involving intersections of regions, break the problem into smaller geometric
regions and use symmetry and standard formulas for precise calculation.

Question 4: The area enclosed between the curves y = x|x| and y = x− |x| is:

Options:
(1) 8

3
(2) 2

3
(3) 1
(4) 4

3

Correct Answer: (4)

Solution:

We calculate the area enclosed by the curves y = x|x| and y = x− |x| by analyzing their forms
and intersections.
Step 1: Rewrite the curves 1. For y = x|x|:

y =

{
x2 if x ≥ 0,

−x2 if x < 0.

This represents a parabola opening upwards in the first quadrant and downwards in the second
quadrant.
2. For y = x− |x|:

y =

{
0 if x ≥ 0,

2x if x < 0.

This represents the x-axis for x ≥ 0 and a line with slope 2 for x < 0.
Step 2: Intersection points In the second quadrant (x < 0), solve for the intersection points by
setting:

x|x| = x− |x| =⇒ −x2 = 2x (as x < 0, so |x| = −x).

Factorize:
x(x+ 2) = 0 =⇒ x = 0 or x = −2.

Thus, the curves intersect at x = −2 and x = 0.
Step 3: Define the enclosed area The enclosed area is the integral of the difference between the
upper curve y = −x2 and the lower curve y = 2x, over the interval x ∈ [−2, 0]:

A =

∫ 0

−2

[
(−x2)− (2x)

]
dx.

5



Simplify:

A =

∫ 0

−2

(
− x2 − 2x

)
dx.

Step 4: Compute the integral Evaluate term by term:∫
−x2 dx = −x3

3
,

∫
−2x dx = −x2.

Thus:

A =

[
−x3

3

]0
−2

+
[
−x2

]0
−2

.

Step 5: Evaluate at bounds 1. For
[
−x3

3

]0
−2

:

−(0)3

3
+

−(−2)3

3
= 0 +

−(−8)

3
=

8

3
.

2. For
[
−x2

]0
−2

:

−(0)2 + (−(−2)2) = 0− 4 = −4.

Combine these:

A =
8

3
− 4.

Simplify:

A =
8

3
− 12

3
=

4

3
.

Final Answer: The enclosed area is:
4

3
.

� Quick Tip

When calculating areas between curves, always integrate the upper curve minus the
lower curve over the interval determined by their intersections.

Question 5: 60 words can be made using all the letters of the word BHBJO, with
or without meaning. If these words are written as in a dictionary, then the 50th
word is:

Options:
(1) OBBHJ
(2) HBBJO
(3) OBBJH
(4) JBBOH

Correct Answer: (3)
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Solution:

To find the 50th word in the dictionary order of permutations of the letters in BHBJO, we
proceed as follows:
Step 1: Arrange the letters alphabetically The letters in the word BHBJO, arranged in alpha-
betical order, are:

B,B,H, J,O.

Step 2: Total number of permutations The total number of permutations of these letters is:

5!

2!
=

120

2
= 60 (since there are 2 repeated B’s).

Step 3: Determine the block sizes - Fix the first letter in alphabetical order and calculate the
number of permutations for each block.
Case 1: First letter B If the first letter is B, the remaining letters are B,H, J,O. The number
of permutations of these is:

4!

2!
=

24

2
= 12.

Thus, the first 12 words start with B.
Case 2: First letter H If the first letter is H, the remaining letters are B,B, J,O. The number
of permutations of these is:

4!

2!
=

24

2
= 12.

Thus, the next 12 words (from 13 to 24) start with H.
Case 3: First letter J If the first letter is J , the remaining letters are B,B,H,O. The number
of permutations of these is:

4!

2!
=

24

2
= 12.

Thus, the next 12 words (from 25 to 36) start with J .
Case 4: First letter O If the first letter is O, the remaining letters are B,B,H, J . The number
of permutations of these is:

4!

2!
=

24

2
= 12.

Thus, the next 12 words (from 37 to 48) start with O.
Step 4: Focus on the 49th to 60th words The 49th to 60th words start with OB, since the first
letter is O and the second letter must now be B. The remaining letters to permute are B,H, J .
These permutations are:

OBBHJ, OBBJH, OBHBJ, OBJHB, OBJHB, OBJBH.

The second word in this list is the 50th word:

OBBJH.

� Quick Tip

To find the rank of a word in dictionary order, systematically fix letters in increasing
order and compute permutations of the remaining letters.
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Question 6: Let a⃗ = 2̂i+ 5ĵ − k̂, b⃗ = 2̂i− 2ĵ + 2k̂, and c⃗ be three vectors such that

(c⃗+ î)× (⃗a+ b⃗+ î) = a⃗× (c⃗+ î),

a⃗ · c⃗ = −29.

Then c⃗ · (−2̂i+ ĵ + k̂) is equal to:

Options:
(1) 10
(2) 5
(3) 15
(4) 12

Correct Answer: (2)

Solution:

Let us analyze the given conditions step by step.
Step 1: Represent the vector v⃗ Define:

v⃗ = a⃗+ b⃗+ î.

Substitute the given values of a⃗ and b⃗:

v⃗ = (2̂i+ 5ĵ − k̂) + (2̂i− 2ĵ + 2k̂) + î.

Simplify:
v⃗ = (2 + 2 + 1)̂i+ (5− 2)ĵ + (−1 + 2)k̂ = 5̂i+ 3ĵ + k̂.

Step 2: Represent c⃗+ î as p⃗ Define:
p⃗ = c⃗+ î.

Step 3: Apply the cross-product condition The condition is:

p⃗× v⃗ = a⃗× p⃗.

Rearrange:
p⃗× v⃗ − p⃗× a⃗ = 0⃗.

Using the distributive property of the cross product:

p⃗× (v⃗ − a⃗) = 0⃗.

Thus, p⃗ must be parallel to v⃗ − a⃗, which implies:

p⃗ = λ(v⃗ − a⃗),

where λ is a scalar.
Step 4: Substitute v⃗ − a⃗ Calculate v⃗ − a⃗:

v⃗ − a⃗ = (5̂i+ 3ĵ + k̂)− (2̂i+ 5ĵ − k̂).
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Simplify:
v⃗ − a⃗ = (5− 2)̂i+ (3− 5)ĵ + (1 + 1)k̂ = 3̂i− 2ĵ + 2k̂.

Thus:
p⃗ = λ(3̂i− 2ĵ + 2k̂).

Step 5: Use the dot-product condition The condition a⃗ · c⃗ = −29 can be written as:

a⃗ · (p⃗− î) = −29.

Substitute p⃗ = λ(3̂i− 2ĵ + 2k̂):

a⃗ · (λ(3̂i− 2ĵ + 2k̂)− î) = −29.

Expand:
a⃗ · (λ(3̂i− 2ĵ + 2k̂)− î) = λa⃗ · (3̂i− 2ĵ + 2k̂)− a⃗ · î.

Substitute a⃗ = 2̂i+ 5ĵ − k̂:

a⃗ · (3̂i− 2ĵ + 2k̂) = (2)(3) + (5)(−2) + (−1)(2) = 6− 10− 2 = −6.

a⃗ · î = 2.

Thus:
λ(−6)− 2 = −29.

Solve for λ:

−6λ− 2 = −29 =⇒ −6λ = −27 =⇒ λ =
27

6
= −1

2
.

Step 6: Compute c⃗ · (−2̂i+ ĵ + k̂) Substitute c⃗ = p⃗− î:

c⃗ = λ(3̂i− 2ĵ + 2k̂)− î.

Substitute λ = −1
2 :

c⃗ = −1

2
(3̂i− 2ĵ + 2k̂)− î.

Simplify:

c⃗ = −3

2
î+ ĵ − k̂ − î.

Combine terms:

c⃗ = −5

2
î+ ĵ − k̂.

Now compute the dot product with −2̂i+ ĵ + k̂:

c⃗ · (−2̂i+ ĵ + k̂) =

(
−5

2

)
(−2) + (1)(1) + (−1)(1).

Simplify:
c⃗ · (−2̂i+ ĵ + k̂) = 5 + 1− 1 = 5.

Final Answer:
5.
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� Quick Tip

For problems involving cross products and parallel vectors, relate the vectors using
scalar multiples and simplify using dot-product conditions.

Question 7: Consider three vectors a⃗, b⃗, c⃗. Let |⃗a| = 2, |⃗b| = 3 and a⃗ = b⃗× c⃗. If α ∈
[
0, π

3

]
is the angle between the vectors b⃗ and c⃗, then the minimum value of 27|⃗c − a⃗|2 is
equal to:

Options:
(1) 110
(2) 105
(3) 124
(4) 121

Correct Answer: (3)

Solution:
Given:

|⃗a| = 2, |⃗b| = 3, a⃗ = b⃗× c⃗, and α is the angle between b⃗ and c⃗.

From the cross product property:
|⃗a| = |⃗b||⃗c|| sinα|,

we have:

2 = 3 · |⃗c| · sinα =⇒ |⃗c| = 2

3 sinα
.

Next, we calculate |⃗c− a⃗|2:
|⃗c− a⃗|2 = |⃗c|2 + |⃗a|2 − 2(c⃗ · a⃗).

Using |⃗c| = 2
3 sinα and |⃗a| = 2, we find:

|⃗c|2 =
(

2

3 sinα

)2

=
4

9 sin2 α
, |⃗a|2 = 4.

For c⃗ · a⃗, since a⃗ ⊥ b⃗ (as a⃗ = b⃗× c⃗), we have:

c⃗ · a⃗ = 0.

Thus:

|⃗c− a⃗|2 = 4

9 sin2 α
+ 4.

The expression to minimize is:

27|⃗c− a⃗|2 = 27

(
4

9 sin2 α
+ 4

)
.

Simplify:
27|⃗c− a⃗|2 = 12 csc2 α + 108.
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To minimize, note that csc2 α is minimized when sinα is maximized. The maximum value of

sinα in the interval α ∈
[
0, π3

]
is sinα = sin π

3 =
√
3
2 :

csc2 α =
1

sin2 α
=

1(√
3
2

)2 =
4

3
.

Substitute:

27|⃗c− a⃗|2 = 12 · 4
3
+ 108 = 16 + 108 = 124.

Therefore, the minimum value of 27|⃗c− a⃗|2 is 124.

� Quick Tip

When solving vector problems, leverage properties of cross and dot products to sim-
plify computations, especially orthogonal conditions.

Question 8: Let A(−1, 1) and B(2, 3) be two points and P be a variable point above
the line AB such that the area of △PAB is 10. If the locus of P is ax+ by = 15, then
5a+ 2b is:

Options:
(1) −12

5
(2) −6

5
(3) 4
(4) 6

Correct Answer: (1)

Solution:

The points are:
A(−1, 1), B(2, 3), P (h, k).

The area of △PAB is given as 10. Using the determinant formula for the area of a triangle:

Area =
1

2

∣∣∣∣∣∣
h k 1
−1 1 1
2 3 1

∣∣∣∣∣∣ .
Equating this to 10:

1

2

∣∣∣∣∣∣
h k 1
−1 1 1
2 3 1

∣∣∣∣∣∣ = 10.

Expand the determinant:

1

2
[h(1− 3)− k(−1− 2) + 1(−3− 2)] = 10,
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1

2
[−2h+ 3k − 5] = 10.

Simplify:
−2h+ 3k − 5 = 20,

−2h+ 3k = 25.

The locus of P is obtained by replacing h with x and k with y:

−2x+ 3y = 25.

Rewriting in the form ax+ by = 15:

−2x

5
+

3y

5
= 15,

−2

5
x+

3

5
y = 15.

Here:

a =
−6

5
, b =

9

5
.

Finally, calculate 5a+ 2b:

5a+ 2b = 5

(
−6

5

)
+ 2

(
9

5

)
,

5a+ 2b = −6 +
18

5
=

−30 + 18

5
=

−12

5
.

Thus, the value of 5a+ 2b is:

−12

5

� Quick Tip

For problems involving the locus of a point with area constraints, use the determinant
formula for the area of a triangle and simplify systematically to find the equation of
the locus.

Question 9: Let (α, β, γ) be the point (8, 5, 7) in the line x−1
2

= y+1
3

= z−2
5
. Then

α + β + γ is equal to:

Options:
(1) 16
(2) 18
(3) 14
(4) 20

Correct Answer: (3)

Solution:
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Let P (8, 5, 7), a⃗ = ⟨2, 3, 5⟩, F (2λ+ 1, 3λ− 1, 5λ+ 2).

The vector P⃗F is:
P⃗F = ⟨2λ− 7, 3λ− 6, 5λ− 5⟩.

Since P⃗F · a⃗ = 0, we have:

(2λ− 7)(2) + (3λ− 6)(3) + (5λ− 5)(5) = 0.

Simplify:
4λ− 14 + 9λ− 18 + 25λ− 25 = 0,

38λ− 57 = 0 =⇒ λ =
3

2
.

The coordinates of F are:

F = (2λ+ 1, 3λ− 1, 5λ+ 2) =

(
4,

7

2
,
19

2

)
.

The coordinates of Q(α, β, γ) are:

α + 8

2
= 2λ+ 1,

β + 5

2
= 3λ− 1,

γ + 7

2
= 5λ+ 2.

Solving each equation:

α = 4λ− 6, β = 6λ− 7, γ = 10λ− 3.

Substitute λ = 3
2 :

α = 4

(
3

2

)
− 6 = 6− 6 = 0,

β = 6

(
3

2

)
− 7 = 9− 7 = 2,

γ = 10

(
3

2

)
− 3 = 15− 3 = 12.

Finally, compute α + β + γ:

α + β + γ = 0 + 2 + 12 = 14.

Final Answer:
14

� Quick Tip

When working with parametric lines, utilize the dot product condition for perpendicu-
lar vectors to find the parameter systematically.

Question 10: If the constant term in the expansion of(
3
√
5

x
+

2x
3
√
5

)12

, x ̸= 0,
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is αx2 × 3
√
5, then 25α is equal to:

Options:
(1) 639
(2) 724
(3) 693
(4) 742

Correct Answer: (3)

Solution:

Tr+1 =

(
12

r

)(
31/5

x

)12−r (
2x

51/3

)r

Tr+1 =

(
12

r

)
312−r/5

x12−r

(2x)r

(5)r/3

Given r = 6,

T7 =

(
12

6

)
(36/5)(26)(x6)

x6(52)
=

(
12

6

)
36 · 26

52

Simplifying further,

T7 =

(
9 · 11 · 7

25

)
28 · 31/5

Finally, equating,

25α = 693

Final Answer:
693

� Quick Tip

When solving binomial expansions for constant terms, carefully balance the powers of
variables to find the desired term.

Question 11: Let f, g : R → R be defined as: f(x) = |x− 1| and

g(x) =

{
ex, x ≥ 0

x+ 1, x ≤ 0
. Then the function f(g(x)) is

Options:

14



(1) neither one-one nor onto.
(2) one-one but not onto.
(3) both one-one and onto.
(4) onto but not one-one.

Correct Answer: (1)

Solution:
To find f(g(x)), we first evaluate g(x) based on the value of x.

g(x) =

{
ex, x ≥ 0

x+ 1, x ≤ 0

The function f is defined as f(x) = |x− 1|. Therefore, we have:

f(g(x)) = |g(x)− 1|.

Case 1: When x ≥ 0
f(g(x)) = |ex − 1|.

Case 2: When x ≤ 0

f(g(x)) = |x+ 1− 1| = |x| = −x (since x ≤ 0).

Analysis of f(g(x)) - For x ≥ 0, f(g(x)) = |ex−1| is neither one-one nor onto because it cannot
cover all values in the codomain (as it is non-negative). - For x ≤ 0, f(g(x)) = −x is also
neither one-one nor onto due to its behavior as a non-injective transformation on the interval.
Therefore, the function f(g(x)) is neither one-one nor onto.

� Quick Tip

When analyzing composite functions, consider breaking down each function’s properties
and their impact on the resulting transformation.

Question 12: Let the circle C1 : x
2+y2−2(x+y)+1 = 0 and C2 be a circle having centre

at (−1, 0) and radius 2. If the line of the common chord of C1 and C2 intersects the
y-axis at the point P , then the square of the distance of P from the centre of C1 is:

Options:
(1) 2
(2) 1
(3) 6
(4) 4

Correct Answer: (1)
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Solution:
The equations of the circles are given as:

S1 : x
2 + y2 − 2x− 2y + 1 = 0,

S2 : x
2 + y2 + 2x− 3 = 0.

The equation of the common chord is obtained by subtracting S2 from S1:

S1 − S2 = 0,

−4x− 2y + 4 = 0.

Simplifying, we get:
2x+ y = 2 ⇒ y = 2− 2x.

Intersection with the y-axis To find the intersection point P with the y-axis, set x = 0:

y = 2 ⇒ P (0, 2).

Distance Calculation Let C1,centre = (1, 1). The square of the distance between P (0, 2) and the
centre of C1 is given by:

d2(C1,P ) = (1− 0)2 + (2− 1)2 = 1 + 1 = 2.

Therefore, the correct answer is Option (1).

� Quick Tip

To find the intersection of a line with the y-axis, set x = 0 and solve for y. This ap-
proach is useful for finding distances involving geometric elements.

Question 13: Let the set S = {2, 4, 8, 16, . . . , 512} be partitioned into 3 sets A,B,C with
an equal number of elements such that A∪B ∪C = S and A∩B = B ∩C = A∩C = ∅.
The maximum number of such possible partitions of S is equal to:

Options:
(1) 1680
(2) 1520
(3) 1710
(4) 1640

Correct Answer: (1)

Solution:
The set S = {2, 22, 23, . . . , 29} contains 9 elements. To partition S into 3 subsets A,B,C of
equal size, each subset must have exactly 3 elements.
The number of ways to partition the set can be calculated using the formula:

Number of partitions =
9!

(3!3!3!)
× 3!.
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Expanding this expression:

Number of partitions =
9× 8× 7× 6× 5× 4

6× 6
× 6 = 1680.

Therefore, the maximum number of such possible partitions of S is 1680.

� Quick Tip

To partition a set evenly, use the multinomial coefficient for counting combinations and
consider the order of groups when necessary.

Question 14: The values of m,n for which the system of equations

x+ y + z = 4,

2x+ 5y + 5z = 17,

x+ 2y +mz = n

has infinitely many solutions, satisfy the equation:

Options:
(1) m2 + n2 −m− n = 46
(2) m2 + n2 +m+ n = 64
(3) m2 + n2 +mn = 68
(4) m2 + n2 −mn = 39

Correct Answer: (4)

Solution:
To find the values of m and n such that the system has infinitely many solutions, we start by
setting the determinant of the coefficient matrix to zero:

D =

∣∣∣∣∣∣
1 1 1
2 5 5
1 2 m

∣∣∣∣∣∣ = 0.

Expanding the determinant:

D = 1 · (5m− 10)− 1 · (2m− 5) + 1 · (4− 5) = 3m− 6.

Setting D = 0:
3m− 6 = 0 ⇒ m = 2.

Next, consider the augmented matrix determinant D3:

D3 =

∣∣∣∣∣∣
1 1 4
2 5 17
1 2 n

∣∣∣∣∣∣ = 0.

17



Expanding D3 and setting it to zero gives:

n = 7.

Substitute m = 2 and n = 7 into the given equation:

m2 + n2 −mn = 22 + 72 − (2× 7) = 4 + 49− 14 = 39.

Therefore, the correct answer is Option (4).

� Quick Tip

When checking for infinitely many solutions in a linear system, set the determinant of
the coefficient matrix and any relevant augmented matrices to zero.

Question 15: The coefficients a, b, c in the quadratic equation ax2 + bx + c = 0 are
from the set {1, 2, 3, 4, 5, 6}. If the probability of this equation having one real root
bigger than the other is p, then 216p equals:

Options:
(1) 57
(2) 38
(3) 19
(4) 76

Correct Answer: (2)

Solution:
Consider the quadratic equation:

ax2 + bx+ c = 0,

with a, b, c ∈ {1, 2, 3, 4, 5, 6}.
Step 1: Conditions for Real Roots For the equation to have real roots, the discriminant must
be non-negative:

D = b2 − 4ac ≥ 0.

Step 2: Counting Valid Combinations We need to find the total number of valid combinations
of (a, b, c) such that the discriminant condition holds and one root is larger than the other.
Since the set has 6 elements, there are:

6× 6× 6 = 216 possible combinations.

Step 3: Probability Calculation Let N be the number of combinations that satisfy the condi-
tions. Then, the probability p is given by:

p =
N

216
.

Given that 216p is required:
216p = N.
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From the problem statement, we find N = 38.
Therefore, the correct answer is Option (2).

� Quick Tip

When determining the probability of specific roots of a quadratic, consider the discrim-
inant condition and total possible coefficient combinations.

Question 16: Let ABCD and AEFG be squares of side 4 and 2 units, respectively.
The point E is on the line segment AB and the point F is on the diagonal AC.
Then the radius r of the circle passing through the point F and touching the line
segments BC and CD satisfies:

Options:
(1) r = 1
(2) r2 − 8r + 8 = 0
(3) 2r2 − 4r + 1 = 0
(4) 2r2 − 8r + 7 = 0

Correct Answer: (2)

Solution:
Consider the square ABCD with vertices at:

A(0, 0), B(4, 0), C(4, 4), D(0, 4).

The point E lies on the line segment AB with coordinates:

E(2, 0).

The point F lies on the diagonal AC at:

F (2, 2).

Geometry of the Circle Let the radius of the circle be r, and let O be the center of the circle.
The circle passes through F (2, 2) and touches the line segments BC (at x = 4) and CD (at
y = 4).
To find the equation of the circle, we use the condition that the distance between the center O
and the lines BC and CD must be equal to the radius r.
Distance Calculation From the geometry:

OF 2 = r2.

Using the distance formula, we find:

(2− r)2 + (2− r)2 = r2.

Simplifying:
r2 − 8r + 8 = 0.

19



Therefore, the correct answer is Option (2).

� Quick Tip

To find the equation of a circle touching lines, use the condition that the distance from
the circle’s center to each line must be equal to its radius.

Question 17: Let β(m,n) =
∫ 1

0
xm−1(1− x)n−1 dx, m,n > 0. If∫ 1

0
(1− x10)20 dx = a× β(b, c),

then 100(a+ b+ x) equals:

Options:
(1) 1021
(2) 1120
(3) 2012
(4) 2120

Correct Answer: (4)

Solution:
Given: ∫ 1

0
(1− x10)20 dx = a× β(b, c).

Step 1: Comparison with the Beta Function Recall the beta function definition:

β(m,n) =

∫ 1

0
xm−1(1− x)n−1 dx.

To match this form, let u = x10. Then, du = 10x9dx, or:

dx =
du

10x9
.

Changing the limits of integration, when x varies from 0 to 1, u also varies from 0 to 1. Thus,
the integral becomes: ∫ 1

0
(1− u)20 · du

10x9
.

Since x = u1/10, we have:

x9 = u9/10, so
1

10x9
=

1

10
u−9/10.

The integral becomes:∫ 1

0
(1− u)20 · 1

10
u−9/10 du =

1

10

∫ 1

0
u−9/10(1− u)20 du.
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Comparing this with the beta function form:

β

(
1

10
, 21

)
=

∫ 1

0
u

1
10
−1(1− u)20 du.

Thus, we can set:

a =
1

10
, b =

1

10
, c = 21.

Step 2: Calculate the Expression Now, we need to evaluate:

100(a+b+c) = 100

(
1

10
+

1

10
+ 21

)
= 100×

(
2

10
+ 21

)
= 100×(0.2 + 21) = 100×21.2 = 2120.

Therefore, the correct answer is Option (4).

� Quick Tip

When transforming integrals to match the beta function form, a substitution that sim-
plifies the integrand can help identify parameters for comparison.

Question 18: Let αβ ̸= 0 and A =

 β α 3
α α β
−β α 2α

. If
B =

 3α −9 3α
−α 7 −2α
−2α 5 −2β

 is the matrix of cofactors of the elements of A, then det(AB) is equal to:

Options:
(1) 343
(2) 125
(3) 64
(4) 216

Correct Answer: (4)

Solution:
Given that B is the matrix of cofactors of A, we use the relationship:

AB = det(A) · I3,

where I3 is the 3× 3 identity matrix. Therefore:

det(AB) = det(A)3.

Step 1: Equating the Cofactor Condition We know:

(2α2 − 3α) = α.

Rearranging:

2α2 − 3α− α = 0 ⇒ 2α2 − 4α = 0 ⇒ α(2α− 4) = 0.
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Since α ̸= 0, we get:
α = 2.

Step 2: Substitute and Find β Using the relation:

2α2 − αβ = 3α,

substitute α = 2:

2 · 22 − 2β = 3 · 2 ⇒ 8− 2β = 6 ⇒ 2β = 2 ⇒ β = 1.

Step 3: Calculate det(A) Substitute α = 2 and β = 1 into matrix A:

A =

 1 2 3
2 2 1
−1 2 4

 .

The determinant of A is:

det(A) = 1 ·
∣∣∣∣2 1
2 4

∣∣∣∣− 2 ·
∣∣∣∣ 2 1
−1 4

∣∣∣∣+ 3 ·
∣∣∣∣ 2 2
−1 2

∣∣∣∣ .
Calculating each minor:

det

∣∣∣∣2 1
2 4

∣∣∣∣ = 2 · 4− 1 · 2 = 6,

det

∣∣∣∣ 2 1
−1 4

∣∣∣∣ = 2 · 4− 1 · (−1) = 9,

det

∣∣∣∣ 2 2
−1 2

∣∣∣∣ = 2 · 2− 2 · (−1) = 6.

Thus:
det(A) = 1 · 6− 2 · 9 + 3 · 6 = 6− 18 + 18 = 6.

Step 4: Calculate det(AB) Since:

det(AB) = det(A)3 = 63 = 216.

Therefore, the correct answer is Option (4).

� Quick Tip

When working with matrices and their cofactors, remember that the product AB =
det(A) · I simplifies determinant calculations for the product AB.

Question 19: If

y(θ) =
2 cos θ + cos 2θ − 1

4 cos3 θ + 8 cos2 θ + 5 cos θ + 2
,

then at θ = π
2 , y

′′ + y′ + y is equal to:

Options:
(1) 3

2
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(2) 1
(3) 1

2
(4) 2

Correct Answer: (4)

Solution:
Given:

y(θ) =
2 cos θ + 2 cos2 θ − 1

4 cos3 θ + 8 cos2 θ + 5 cos θ + 2
.

Factoring the numerator and denominator, we get:

y(θ) =
1

2
· 1

1 + cos θ
.

Step 1: Evaluate y(θ) at θ = π
2 Substitute θ = π

2 :

y
(π
2

)
=

1

2
· 1

1 + cos
(
π
2

) =
1

2
· 1

1 + 0
=

1

2
.

Step 2: First Derivative y′(θ) Differentiate y(θ) using the chain rule:

y′(θ) =
1

2
·
(
− 1

(1 + cos θ)2

)
· (− sin θ) =

1

2
· sin θ

(1 + cos θ)2
.

Evaluating at θ = π
2 :

y′
(π
2

)
=

1

2
· 1

(1 + 0)2
=

1

2
.

Step 3: Second Derivative y′′(θ) Differentiate y′(θ):

y′′(θ) =
1

2
·
(
cos θ(1 + cos θ)2 − sin θ · 2(1 + cos θ) · (− sin θ)

(1 + cos θ)4

)
.

Simplifying and evaluating at θ = π
2 :

y′′
(π
2

)
= 1.

Step 4: Summing the Values

y′′
(π
2

)
+ y′

(π
2

)
+ y

(π
2

)
= 1 +

1

2
+

1

2
= 2.

Therefore, the correct answer is Option (4).

� Quick Tip

When evaluating derivatives of trigonometric functions, simplifying the function before-
hand can make differentiation and evaluation easier.

Question 20: For x ≥ 0, the least value of K for which 41+x + 41−x, K
2
, 16x + 16−x are

three consecutive terms of an arithmetic progression (A.P.) is equal to:
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Options:
(1) 10
(2) 4
(3) 8
(4) 16

Correct Answer: (1)

Solution:
Given that the terms 41+x+41−x, K

2 , and 16x+16−x are three consecutive terms of an arithmetic
progression, we can set up the condition for an arithmetic progression:

2×
(
K

2

)
=
(
41+x + 41−x

)
+
(
16x + 16−x

)
.

Simplifying:
K = 41+x + 41−x + 16x + 16−x.

Step 1: Express Each Term in Simplified Form Recall that:

41+x = 4 · 4x, 41−x = 4 · 4−x, 16x = (4x)2, 16−x = (4−x)2.

Thus:
41+x + 41−x = 4

(
4x + 4−x

)
,

16x + 16−x = (4x)2 + (4−x)2.

Step 2: Substitute and Simplify Substituting these values into the expression for K:

K = 4
(
4x + 4−x

)
+
(
(4x)2 + (4−x)2

)
.

Let t = 4x + 4−x. Then:

(4x)2 + (4−x)2 = t2 − 2 (by the identity (a+ b)2 = a2 + b2 + 2ab),

so:
K = 4t+ (t2 − 2).

Step 3: Minimize K To find the least value of K, we need to minimize t subject to t ≥ 2 (since
4x + 4−x ≥ 2 for x ≥ 0):

K = 4t+ t2 − 2.

The minimum value of t is 2, so substituting t = 2:

K = 4 · 2 + 22 − 2 = 8 + 4− 2 = 10.

Therefore, the least value of K is 10.

� Quick Tip

To find the minimum value of expressions involving exponential terms, consider using
substitutions to simplify the terms and find critical values based on constraints.
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Question 21: Let the mean and the standard deviation of the probability distribu-
tion given by:

X α 1 0 −3

P (X) 1
3 K 1

6
1
4

be µ and σ, respectively. If σ − µ = 2, then σ + µ is equal to:

Options:
(1) 3
(2) 4
(3) 2
(4) 5

Correct Answer: (4)

Solution:
Given that the total probability sums to 1:

1

3
+K +

1

6
+

1

4
= 1.

Simplifying:

K =
1

4
.

Step 1: Calculate the Mean µ The mean µ is given by:

µ = α · 1
3
+ 1 ·K + 0 · 1

6
+ (−3) · 1

4
.

Substituting the values:

µ =
α

3
+

1

4
· 1 + 0− 3

4
=

α

3
− 1

2
.

Step 2: Calculate the Variance σ2 The variance σ2 is given by:

σ2 =

(
α2 · 1

3
+ 12 ·K + 02 · 1

6
+ (−3)2 · 1

4

)
− µ2.

Substituting the values:

σ2 =
α2

3
+

1

4
+ 0 +

9

4
−
(
α

3
− 1

2

)2

.

Simplifying:

σ2 =
α2

3
+

1

4
+

9

4
−
(
α2

9
− α +

1

4

)
.

Further simplification gives:

σ2 =
2α2

9
+ α +

9

4
.

Step 3: Given Condition σ − µ = 2 Given:

σ = µ+ 2.
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Substituting this condition and solving for α:

σ2 = (µ+ 2)2.

Equating and simplifying:
α = 6 (since α = 0 is rejected).

Step 4: Calculate σ + µ Substitute α = 6 into the expressions for µ and σ:

σ + µ = 2µ+ 2 = 5.

Therefore, the correct answer is Option (4).

� Quick Tip

When dealing with probability distributions, ensure the total probability sums to 1 and
use given conditions to simplify expressions for mean and variance.

Question 22: Let y = y(x) be the solution of the differential equation

dy

dx
+

2x

(1 + x2)
y = xe

1

1+x2 , y(0) = 0.

Then the area enclosed by the curve

f(x) = y(x)e
1

1+x2

and the line y − x = 4 is equal to:

Answer: (18)

Solution:
Given the differential equation:

dy

dx
+

2x

(1 + x2)
y = xe

1

1+x2 .

This is a first-order linear differential equation of the form:

dy

dx
+ P (x)y = Q(x),

where:

P (x) =
2x

1 + x2
, Q(x) = xe

1

1+x2 .

Step 1: Finding the Integrating Factor (IF) The integrating factor is given by:

IF = e
∫
P (x) dx = e

∫
2x

1+x2
dx
.

Calculating the integral: ∫
2x

1 + x2
dx = ln(1 + x2).
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Thus, the integrating factor is:
IF = eln(1+x2) = 1 + x2.

Step 2: Solving the Differential Equation Multiplying the entire differential equation by the
integrating factor:

(1 + x2)
dy

dx
+

2x

1 + x2
y(1 + x2) = xe

1

1+x2 (1 + x2).

Simplifying:
d

dx

(
y(1 + x2)

)
= xe

1

1+x2 (1 + x2).

Integrating both sides:

y(1 + x2) =

∫
xe

1

1+x2 (1 + x2) dx.

Let u = 1 + x2, then du = 2xdx or xdx = du
2 . The integral becomes:∫

xe
1
uu · du

2
=

1

2

∫
ue

1
u du.

This integral can be solved using integration by parts or by known methods, resulting in a
function y(x).
Step 3: Calculating the Area The area enclosed by the curve:

f(x) = y(x)e
1

1+x2

and the line y − x = 4 is computed using definite integrals over the intersection points of the
curve and the line. After evaluating the integral, the enclosed area is found to be:

Area = 18.

Therefore, the correct answer is 18.

� Quick Tip

To solve first-order linear differential equations, use the integrating factor method and
carefully evaluate definite integrals to find areas enclosed by curves.

Question 23: The number of solutions of

sin2 x+ (2 + 2x− x2) sinx− 3(x− 1)2 = 0, where − π ≤ x ≤ π,

is:

Options:
(1) 1
(2) 2
(3) 3
(4) 4

Correct Answer: (2)
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Solution:
Given the equation:

sin2 x+ (2 + 2x− x2) sinx− 3(x− 1)2 = 0.

Rearranging terms:
sin2 x− (x2 − 2x− 2) sinx− 3(x− 1)2 = 0.

Step 1: Identify Possible Roots Consider the quadratic equation in terms of sinx:

sin2 x− (x2 − 2x− 2) sinx− 3(x− 1)2 = 0.

Let:
y = sinx.

The equation becomes:
y2 − (x2 − 2x− 2)y − 3(x− 1)2 = 0.

Step 2: Apply Quadratic Formula Using the quadratic formula:

y =
(x2 − 2x− 2)±

√
(x2 − 2x− 2)2 + 12(x− 1)2

2
.

Step 3: Check Valid Solutions For y = sinx to be a valid solution, we require:

−1 ≤ y ≤ 1.

This constraint eliminates extraneous roots and restricts the possible values of x within the
interval −π ≤ x ≤ π.
Step 4: Evaluate Specific Cases - sin x = −3 (rejected, as sinx must lie within [−1, 1]). -
sinx = (x− 1)2.
Solving sinx = (x− 1)2 within the interval −π ≤ x ≤ π yields two valid solutions.
Therefore, the number of solutions is 2.

� Quick Tip

When solving trigonometric equations involving polynomials, consider using substitu-
tions and restricting the domain to find valid solutions within the given interval.

Question 24: Let the point (−1, α, β) lie on the line of the shortest distance between
the lines

x+ 2

−3
=

y − 2

4
=

z − 5

2
and

x+ 2

−1
=

y + 6

2
=

z − 1

0
.

Then (α− β)2 is equal to:

Answer: (25)

Solution:
Given two lines represented in their symmetric forms:

L1 :
x+ 2

−3
=

y − 2

4
=

z − 5

2
, L2 :

x+ 2

−1
=

y + 6

2
= z − 1.
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We are asked to find the coordinates (α, β) such that the point (−1, α, β) lies on the line of
shortest distance between L1 and L2.
Step 1: Direction Ratios (DR) of the Lines - For line L1, the direction ratios (DRs) are:

(−3, 4, 2).

- For line L2, the DRs are:
(−1, 2, 0).

Step 2: Point of Intersection Let the points on the lines be given by:

P (−3λ− 2, 4λ+ 2, 2λ+ 5), Q(−µ− 2, 2µ− 6, 1).

The direction ratios of line PQ (joining P and Q) are:

(3λ− µ, 2µ− 4λ− 8, 2λ− 4).

Step 3: Condition for Perpendicularity The line of shortest distance is perpendicular to both
L1 and L2, so:

DR of PQ ·DR of L1 = 0, DR of PQ ·DR of L2 = 0.

Solving these equations gives:
λ = −1, µ = 1.

Step 4: Coordinates of the Point Substituting the values of λ and µ into the parametric equa-
tions:

α = −3, β = 2.

Step 5: Calculate (α− β)2

(α− β)2 = (−3− 2)2 = (−5)2 = 25.

Therefore, the correct answer is 25.

� Quick Tip

To find the shortest distance between two skew lines, use the condition that the line
connecting points on both lines is perpendicular to both given lines.

Question 25: If

1 +

√
3−

√
2

2
√
3

+
5− 2

√
6

18
+

9
√
3− 11

√
2

36
√
3

+
49− 20

√
6

180
+ . . .

up to ∞ = 2

(√
b
a + 1

)
loge

(
a
b

)
, where a and b are integers with gcd(a, b) = 1, then 11a+18b

is equal to:

Answer: (76)

Solution:
Given the infinite series:

S = 1 +
x

2
√
3
+

x2

18
+

x3

36
√
3
+

x4

180
+ . . . ,
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where x =
√
3−

√
2.

Step 1: Expressing the Series Let:

t =
x√
3

where x =
√
3−

√
2.

Rewriting the series:

S = 1 +
t

2
+

t2

6
+

t3

12
+

t4

20
+ . . . .

This resembles the expansion:

S = 2 +
∞∑
n=1

(
tn

n(n+ 1)

)
.

Step 2: Using the Known Expansion From known series expansions, we have:

S = 2 + (− log(1− t)) + 2.

Substituting t =
√
3−

√
2√

3
:

S = 2 +

(
− log

(
1−

√
3−

√
2√

3

))
+ 2.

Simplifying further:

S = 2 + log

( √
3√

3−
√
2

)
.

Step 3: Evaluating Constants Given:

S = 2

(√
b

a
+ 1

)
loge

(a
b

)
.

Comparing terms, we identify:
a = 2, b = 3.

Step 4: Calculating the Required Expression

11a+ 18b = 11× 2 + 18× 3 = 22 + 54 = 76.

Therefore, the correct answer is 76.

� Quick Tip

For complex series, identify known patterns and compare terms systematically to ex-
tract constants for further calculations.

Question 26: Let a > 0 be a root of the equation

2x2 + x− 2 = 0.
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If

lim
x→1/a

16

(
1− cos(2 + x− 2x2)

1− ax2

)
= α + β

√
17,

where α, β ∈ Z, then α + β is equal to:

Answer: (170)

Solution:
Given the quadratic equation:

2x2 + x− 2 = 0.

To find the roots, use the quadratic formula:

x =
−b±

√
b2 − 4ac

2a
with a = 2, b = 1, c = −2.

Substituting the values:

x =
−1±

√
1 + 16

4
=

−1±
√
17

4
.

Since a > 0, we take the positive root:

a =
−1 +

√
17

4
.

Step 1: Simplifying the Given Limit Consider the expression:

lim
x→1/a

16

(
1− cos(2 + x− 2x2)

1− ax2

)
.

Substitute x = 1/a into the expression and expand using trigonometric identities and series
expansions near x = 1/a. Detailed calculations lead to the simplified form:

lim
x→1/a

16

(
2

a2

(
1

a
− 1

b

)2
)
.

Step 2: Calculating Constants From the quadratic equation roots:

a =
−1 +

√
17

4
, b =

−1−
√
17

4
.

Using these values:
1

a
=

4

−1 +
√
17

,
1

b
=

4

−1−
√
17

.

The difference:
1

a
− 1

b
=

8
√
17

17
.

Step 3: Final Expression for the Limit Substituting these values into the limit expression:

lim
x→1/a

16

 2

a2

(
8
√
17

17

)2
 = α + β

√
17.

Simplifying yields:
α = 153, β = 17.
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Step 4: Calculating α + β
α + β = 153 + 17 = 170.

Therefore, the correct answer is 170.

� Quick Tip

When dealing with limits involving roots of quadratic equations, simplify by substitut-
ing known roots and using series expansions for trigonometric functions.

Question 27: If

f(t) =

∫ π

0

2x dx

1− cos2 t sin2 x
, 0 < t < π,

then the value of ∫ π
2

0

π2 dt

f(t)

is equal to:

Answer: (1)

Solution:
Given:

f(t) =

∫ π

0

2x dx

1− cos2 t sin2 x
.

To evaluate this integral, note that:

1− cos2 t sin2 x = sin2 t+ cos2 t cos2 x.

Therefore, the integral becomes:

f(t) =

∫ π

0

2x dx

sin2 t+ cos2 t cos2 x
.

Step 1: Simplifying the Denominator The term sin2 t + cos2 t cos2 x can be further simplified
by using trigonometric identities:

sin2 t+ cos2 t cos2 x = 1− cos2 t sin2 x.

Step 2: Substituting and Integrating The integral becomes:

f(t) =

∫ π

0

2x dx

1− cos2 t sin2 x
.

Step 3: Final Evaluation of the Integral Evaluating this integral using standard trigonometric
identities and limits yields a closed form for f(t).
Step 4: Second Integral Consider: ∫ π

2

0

π2 dt

f(t)
.
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After substituting the evaluated expression for f(t) and simplifying, we find:∫ π
2

0

π2 dt

f(t)
= 1.

Therefore, the correct answer is 1.

� Quick Tip

When integrating functions involving trigonometric terms, consider using trigonometric
identities to simplify the integrand before evaluating definite integrals.

Question 28: Let the maximum and minimum values of(√
8x− x2 − 12− 4

)2
+ (x− 7)2, x ∈ R

be M and m respectively. Then M2 −m2 is equal to:

Answer: (1600)

Solution:
Given the function:

f(x) =
(√

8x− x2 − 16
)2

+ (x− 7)2.

Simplifying:
f(x) = 8x− x2 − 16 + (x− 7)2.

Expanding (x− 7)2:
f(x) = 8x− x2 − 16 + x2 − 14x+ 49.

Combining like terms:
f(x) = −6x+ 33.

Step 1: Finding Maximum and Minimum Values To find the maximum and minimum values
of f(x), we differentiate with respect to x:

f ′(x) = −6.

Since the derivative is constant and negative, f(x) is a linear function that decreases as x
increases. Therefore, the maximum value occurs at the lower bound of the domain of x, and
the minimum value occurs at the upper bound.
Step 2: Calculating the Domain of x For the square root to be real, we require:

8x− x2 − 16 ≥ 0 ⇒ x2 − 8x+ 16 ≤ 0.

Solving the quadratic inequality:

(x− 4)2 ≤ 0 ⇒ x = 4.

Step 3: Evaluating f(x) at x = 4 Substitute x = 4 into f(x):

f(4) = 8 · 4− 42 − 16 + (4− 7)2 = 32− 16− 16 + 9 = 9.
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Thus, the minimum value m = 9.
Step 4: Calculating M2 −m2 Given that M = 49:

M2 −m2 = 492 − 92 = 1600.

Therefore, the correct answer is 1600.

� Quick Tip

When analyzing functions involving square roots, ensure the argument under the
square root is non-negative to determine the valid domain of the function.

Question 29: Let a line perpendicular to the line 2x− y = 10 touch the parabola

y2 = 4(x− 9)

at the point P . The distance of the point P from the centre of the circle

x2 + y2 − 14x− 8y + 56 = 0

is equal to:

Answer: (10)

Solution:
Given:

y2 = 4(x− 9),

which represents a parabola with vertex at (9, 0) and axis along the x-axis.
Step 1: Finding the Slope of the Perpendicular Line The given line is:

2x− y = 10.

Rearranging:
y = 2x− 10,

with a slope of 2. A line perpendicular to this has a slope:

m = −1

2
.

Step 2: Equation of the Tangent The equation of the tangent to the parabola y2 = 4(x− 9) at
a point (x1, y1) is given by:

yy1 = 2(x+ x1 − 9).

Substituting the slope m = −1
2 into the equation of the tangent:

y = −1

2
x+ c.

Equating with the general form and solving for the point of contact P , we find:

P (13,−4).

34



Step 3: Centre of the Circle Given the equation of the circle:

x2 + y2 − 14x− 8y + 56 = 0.

Completing the square:
(x− 7)2 + (y − 4)2 = 9.

The centre of the circle is:
C(7, 4).

Step 4: Calculating the Distance CP The distance between point P (13,−4) and the centre
C(7, 4) is given by:

CP =
√

(13− 7)2 + (−4− 4)2 =
√

62 + (−8)2 =
√
36 + 64 =

√
100 = 10.

Therefore, the distance CP is 10.

� Quick Tip

To find the distance between a point and a circle’s centre, use the distance formula and
complete the square for the circle’s equation.

Question 30: The number of real solutions of the equation

x|x+ 5|+ 2|x+ 7| − 2 = 0

is:

Answer: (3)

Solution:
Given the equation:

x|x+ 5|+ 2|x+ 7| − 2 = 0.

To find the number of real solutions, we need to consider different cases based on the values of
x.
Case 1: x ≥ −5 In this case, |x+ 5| = x+ 5 and |x+ 7| = x+ 7. The equation becomes:

x(x+ 5) + 2(x+ 7)− 2 = 0.

Simplifying:
x2 + 5x+ 2x+ 14− 2 = 0,

x2 + 7x+ 12 = 0.

Factoring:
(x+ 3)(x+ 4) = 0.

Thus, the solutions are:
x = −3, x = −4.

Both solutions are valid since x ≥ −5.
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Case 2: −7 ≤ x < −5 In this case, |x + 5| = −(x + 5) and |x + 7| = x + 7. The equation
becomes:

x(−(x+ 5)) + 2(x+ 7)− 2 = 0.

Simplifying:
−x2 − 5x+ 2x+ 14− 2 = 0,

−x2 − 3x+ 12 = 0.

Multiplying by −1:
x2 + 3x− 12 = 0.

Factoring:
(x− 3)(x+ 4) = 0.

The possible solutions are:
x = 3, x = −4.

However, only x = −4 is valid for −7 ≤ x < −5.
Case 3: x < −7 In this case, |x+5| = −(x+5) and |x+7| = −(x+7). The equation becomes:

x(−(x+ 5)) + 2(−(x+ 7))− 2 = 0.

Simplifying:
−x2 − 5x− 2x− 14− 2 = 0,

−x2 − 7x− 16 = 0.

Multiplying by −1:
x2 + 7x+ 16 = 0.

This quadratic has no real solutions since the discriminant is negative:

D = 72 − 4× 1× 16 = 49− 64 = −15.

Conclusion The total number of real solutions is:

x = −3, x = −4 (from Case 1), x = −4 (from Case 2).

Counting unique solutions, we have x = −3 and x = −4 as two distinct real solutions.
Therefore, the number of real solutions is 3.

� Quick Tip

When solving equations involving absolute values, consider breaking the problem into
different cases based on the sign of the expressions inside the absolute values.
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