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JEE MAIN 2024 1 Feb first Shift Question Paper

with Solutions

Total Time Allowed | Maximum Marks : Total Questions :
: 3 hour 30 minutes 100 100

SECTION-A

Question 1: A bag contains 8 balls, whose colours are either white or black. 4
balls are drawn at random without replacement and it was found that 2 balls
are white and other 2 balls are black. The probability that the bag contains
equal number of white and black balls is:
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Correct Answer (2)

Solution:
Let 4W 4B represent the scenario where the bag contains 4 white and 4 black balls. The

probability of drawing 2 white and 2 black balls from this bag is:

- P(AW4B)- P(2W2B|4W4B)
P(4W4B | 2W2B) = P(4W4B)-P(2W2B[AW4B)+ P(3W5B)- P(2W2B[3W5B)+--—+ P(OWSB)-P(2W2B[0W3B)
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9 Quick Tip

To simplify conditional probabilities, use combinations to calculate possible out-
comes and leverage probability laws for clarity and accuracy.
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Question 2

2. The value of the integral

/ 1 x dx
—7 equals:
0 sin*(2z) + cos?(2z)

64
Correct Answer (3)

Solution:

7 /Z xdx
o sin?(2z) + cost(2z)
Substituting 2z = t, so dx = %dt, we get:

1/% tdt
=2 —
4 Jo sin*t+ costt

]:1/ 3=t
4 Jo sin*t+ costt

I dt
_ﬁ_j
0 2sin*t 4+ costt

B dt
21:—/2 A ——
8 Jo sin®t+ costt

Substituting tant = ¥, so sec’ t dt = dy:

(1 2
21:5/ (1+y7)dy
0

Using symmetry:

[NIE]

dt

I =

= =

3

8 1+
(o.0)
d
or =" / -
8 0o Yy +1
Substituting y = p:
;T o0 dp

~ 16 Jo p? + (V/2)2

Using the standard integral formula:

siale ()]

JEE MAIN 2024
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9 Quick Tip

For integrals involving trigonometric terms, use substitution and symmetry to
simplify calculations effectively.

Question 3: If

A= [f \H B = B ﬂ C = ABAT and X = AT(C?A,
then det(X) is equal to:
(1) 243
(2) 729
(3) 27
(4) 891

Correct Answer (2)
Solution:
Given:

L3

S S B

det(4) = (V2)(V2) = (1)(-1) =3
det(B) =1
Now, find C' = ABAT. The determinant of C' is:

First, calculate:

det(C) = (det(A))? - det(B)
det(C) =3*-1=9
For X = ATC?A, the determinant is:
det(X) = [det(AT)] - [det(C?)] - [det(A)]
Since det(AT) = det(A) and det(C?) = (det(C))?:
det(X) = (det(A)) - (det(C))? - (det(A))
det(X)=3-9%-3="1729
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9 Quick Tip

When working with determinants of matrix products or powers, use the proper-
ties det(AB) = det(A) - det(B) and det(A™) = (det(A))™ to simplify calculations.

Question 4

_ 1 e
4. If tan A = ey tan B Wt
and

tanC = (23 4+ 22 +2)2, 0< A, B,C < I, then
2

A+ B is equal to:
0

(e 2)m—C 3)2r—C (4) §—C’
Correct Answer. (1)
Solution:
We are given tan A = \/ﬁ and tan B = \/%
Let us find tan(A + B) using the identity:
tan A + tan B
tan(A+ B) =
an(4 + B) 1 —tan Atan B
Substituting the given values:
1 + N
tan(A 4+ B) = —vetetl  Vettedl
L= (o) ()
Vaita+l ) \Va?+a+l
Simplify the numerator:
1+z
tan(A + B) — _Valtatl
1o VT
2 +x+1

Simplify the denominator:

. N e e

_xz—i—x—i—li 2 +r+1

Now rewrite tan(A + B):
(1+x)(2? + 2+ 1)
V+ar+1-(a2+2+1—/x)

Factorize the numerator and denominator where possible. Cancel the common terms,

which simplifies to:
Vaz+ax+1
/T

tan(A + B) =

tan(A + B) =
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Thus:
tan(A + B) = tan C

Therefore,
A+B=C

9 Quick Tip

Another approach to verify trigonometric identities is by directly simplifying the
numerator and denominator of tangent expressions step-by-step.

Q5: If n is the number of ways five different employees can sit into four
indistinguishable offices where any office may have any number of persons
including zero, then n is equal to:

(1) 47

(2) 53

(3) 51

(4) 43

Correct Answer: (3) 51

Solution:

Calculating the total number of ways to partition 5 into 4 parts:

5,0,0,0: 1 way.

5!
4,1,0,0: — =5 ways.

4!
5!
3,2,0,0: 3191 = 10 ways.
5!
2, 2,0, 1: m =15 ways.
5!
2,1,1,1 : m =10 ways.
5!
3,1,1,0: 391 10 ways.

Adding up all cases:
14+5+10+ 15410+ 10 = 51 ways.

9 Quick Tip

When working with partitions, organize cases systematically to ensure no config-
urations are missed or double-counted.
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Question 6

6. Let S={z€C:|z—1|=1and (V2—-1)(z+2)=(2—2) =2v2}. Let 21,20 € S
be such that |z1| = max,cg |z| and |z2| = min.cg |z|. Then /|21 — 22|? equals:

(1) 1

(2) 4

(3) 3

(4) 2

Ans. (4)

Solution:

Let Z = x + iy.where x and y are real numbers.
From the given conditions:

(e—1*+y =1 - (1)
and (V2 —1)(2z) +i(2y) = 2v2
=(V2-Dz+y=v2 - (2)
Solving (1) and (2), we get

r=1 or z=

(3)

Sl L

On solving (3) with (2), we get:
Forx=1 = y=1 = Z1=1+4+1

and for

-1

e y:\/g_% = Zzz(—%)ﬂ(f—%)

‘ 2

Now:
‘\@Zl — 2y

2

_‘(%H)ﬁﬂu—(ﬂ—m

:‘(\/5)2‘:2
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9 Quick Tip

In problems involving complex numbers, separate real and imaginary parts to
simplify calculations, and verify results with geometric or algebraic interpreta-
tions.

Question 7: Let the median and the mean deviation about the median of 7
observations 170, 125, 230, 190, 210, a, b be 170 and &75 respectively. Then
the mean deviation about the mean of these 7 observations is:

(1) 31

(2) 28
(3) 30
(4) 32

Correct Answer: (3)
Solution:

The given observations are:
125,a,0,170, 190, 210, 230
The median is 170, and the mean deviation about the median is provided as:

125 — 170| 4 |a — 170] + |[b — 170[ + |170 — 170 + |190 — 170] 4 |210 — 170| + [230 — 170] _ 205
7 7

Simplifying the absolute differences:

45+ |a — 170[ + [b — 170 + 0+ 20 + 40+ 60 205
7 7

la — 170] + b — 170| = 40 + 60 = 300

From this, we conclude:
a+b=300 ---(1)

Next, calculate the mean of the observations:

125 +a+ b+ 170 4 190 + 210 + 230
7

Mean =

Substituting a + b = 300:
1254300 + 170 + 190 + 210 + 230 1225
7 7
Now, find the mean deviation about the mean:
1125 — 175| + |a — 175| + |b — 175| 4 [170 — 175| + [190 — 175| + |210 — 175| + |230 — 175|
7

=175

Mean =

7
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50+ |a— 175+ |b—175] + 54 15+ 35 + 55
a 7
Using a + b = 300, substitute for |a — 175 + |b — 175|:

la — 175 + |b — 175| = 50

Finally, the mean deviation about the mean:

50 + 50+ 5415+ 35+ 55 _@_30
7 7

Thus, the correct answer is **(3)**.

9 Quick Tip

When calculating the mean deviation about a value, ensure the absolute differ-
ences are accurately summed, and simplify step-by-step for clarity.

— _,

Question 8: Let ad = —57 + 3] — 3E

(( ) . f)
Then ¢- (—;4—5—1— E) is equal to:

(1) -12

(2) -
(3) -13
(4) -15

Correct Answer: (1)
Solution:

Given:
a=-51+3)—3k, b=1i+2j—4k

Step 1: Compute the cross product a x b using the determinant method:

. 7k
axb=|-5 3 -3
1 2 —4

Expanding the determinant:
Axb=7(3-(—4) = (=3)-2) = j((=5)- (=4) = (=3)- 1) + k((-5)-2-3-1)

xb=1i(—12+6) — (20 — 3) + k(—10 — 3)
ixb=—6i—17] — 13k
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Step 2: Compute the triple product:

oL
/N
—
ST
X
N
.
N———
1

Since the calculations are straightforward, we simplify further using direct substitution
into ¢- (=i +j + k):

G (=i 47 +k)==6(=1) + (=17)(1) + (—13)(1)
C(—i4+j+k) =6-17—13=—-12

Therefore, the correct answer is: **(1)**.

9 Quick Tip

For vector cross products, expand determinants carefully, and ensure consistent
substitution for vector dot and triple products.

Question 9: Let
S={zecR:(V3+V2)*+(V3-V2)*=10}

Then the number of elements in S is:
(1) 4

(2) 0
(3) 2
(4) 1

Correct Answer: (3)
Solution:

We are given:

(V3+V2)" + (V3 - V2)* =

Let:
t=(V3+V2)"

Then its reciprocal is:

(V3-vay =1

Substituting these into the equation, we get:

1
4+ - =10
T

Multiply through by t to eliminate the fraction:
> —10t+1=0
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This is a quadratic equation. Solving it using the quadratic formula:

_ B2 —
t= b+ 2b dac wherea =1,b=—-10,c=1
a

~10++/100—4  10++/96
- 2 2
104
:07%25i2\/6

Since (\/§+ V2)% > 0, we take:
t=5+2v6

Now, substitute t = (\/g + \/i)x to solve for z:

(V343 =542V6 or (f_m:m:g)_m

Simplifying, we find:
r=2 or x=-2

Thus, the total number of solutions is:

Number of solutions = 2

9 Quick Tip

For equations involving powers of binomial roots, substituting one term as t and
the other as its reciprocal simplifies the equation to a quadratic form.

Q10: The area enclosed by the curves zy + 4y = 16 and = + y = 6 is equal to:
(1) 28 —301log2

(2) 30 — 28log 2
(3) 30 — 321log 2
(4) 32 —301log2

Correct Answer: (3) 30 — 32log2
Solution:

10
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6,0)

The given equations are:
ry+4y=16 and x+y==6
Step 1: Solve for y in the linear equation:
y=06—ux
Step 2: Substitute y = 6 — x into the first equation:
z(6—x)+4(6 —x) =16

Expanding and simplifying:
6x — x> 424 — 42 = 16
o2r — 1% = -8

Rewriting:
2? — 22 —-8=0

Step 3: Solve the quadratic equation:
(x—4)(z+2)=0

Thus, x =4 or x = —2.
Step 4: Set up the integral for the area between the curves. The limits of integration are
from x = —2 to x = 4. The area is given by:

Area:/4[ 16 (6—x)} do

_9 fL’+4_

Step 5: Evaluate the integral. Split the terms:

4 4
1
Area—/ 6 da:—/ (6 —z)dx

oz +4 2

11
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1. First term:

t 16 4
/ dx:16ln|x+4|‘ =16In8 —16In2 = 32In2
+4 -2

2T
4 4 4
/(6—x)dx:/ 6dx—/ xdz
—2 —2 —2

2 2 —9)2
—6[95]42—?42—6(4_(_2))_%_1_( 22)

Step 6: Combine the results:

2. Second term:

=36—1642 =22

Area=32In2+22=30—-321In2

Thus, the area is |30 — 321n 2 |.

9 Quick Tip

To find the area between two curves, first determine the points of intersection to
set the limits of integration. Then subtract the lower curve from the upper curve
and integrate over the interval.

Question 11: Let f: R — R and g: R — R be defined as

log,z, x>0 r, x2>0
f(fU):{ and 9(9«“)2{36

e * <0 e, <0

)

Then go f: R — R is:

(1) onc-one but not onto

(2) neither one-one nor onto
(3) onto but not one-one

(4) both one-one and onto

Correct Answer: (2)
Solution:

The composite function g(f(x)) is defined as:

1)) = {g(loge z), x>0

g(f( de ), <0

Case 1: x > 0 Here, f(x) = log, z, so:

g(f(z)) = g(log, x)

From the definition of g(z) = z for x > 0, we have:
g(f(z)) =log,x

12
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Since log, z > 0 for > 1, g(f(x)) = log, x is an increasing function for « > 0, but it
does not cover the entire set of real numbers (its range is (0, 00)).
Case 2: @ <0 Here, f(z) =77, so:

g9(f(x)) = g(e™)

From the definition of g(x) = z for x > 0, we have:

g(f(x)) =™

Since e™* > 0 for all <0, g(f(z)) = e™* is a decreasing function for x < 0, but it also
does not map onto the entire set of real numbers (its range is (0, c0)).

Analysis - For x > 0, g(f(x)) = log, « is increasing but not onto (maps to (0, 00)). - For
x <0, g(f(x)) =e™" is decreasing and also not onto (maps to (0,00)).

Thus, g o f is **neither one-one nor onto**.

9 Quick Tip

To determine whether a composite function is one-one or onto, analyze the be-
havior of the inner and outer functions separately over the defined domains, and
carefully examine the resulting range.

Q12: If the system of equations

20 +3y —2=95
rT+ay+3z=—4
3x—y+pz=7

has infinitely many solutions, then 13a/3 is equal to:
(1) 1110

(2) 1120
(3) 1210
(4) 1220

Correct Answer: (2) 1120
Solution:

The given system of equations is:
2r4+3y—2=5 ---(1)

r+oay+3z=-4 ---(2)
3t —y+Pz=7 ---(3)

13
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Step 1: Represent the first equation as a linear combination of the other two equations

We express:
20 +3y —z=ki(z +ay +32) + k2(3z — y + B2)

Expanding and equating coefficients of x, y, and z:

2="Fk +3ks ---(4)
)

3:]610(—,1@ (5
—1 =3k1 + Bko - (6)
5= —dky +Tky ---(7)

Step 2: Solve for k1 and kg From (4):
ki =2—3ky ---(8)

Substitute k1 = 2 — 3k into (7):
5= —4(2 — 3ks) + Th»
5= —8+12ky + Tho

13
5=—-8+19%y = 19k =13 = k9= 1—9

Substitute kg = % into (8):
13 39 1
k1 ) (19) 19 19

Step 3: Solve for a and 8 Substitute k1 = —15 and ko = 13 into (5):

1 13

B_ o
19 19
70 o
E = —E a=-T0
Substitute k; = —% and ko = % into (6):
1 13
1= _ -
(1) (i)
3 1303
=2y o
19 * 19
19 3 13/
10 19
16 138 16
-1 7T

14



/OLLEGE

Step 4: Calculate 13a0

13
1308 = =910 + (—70) x 1120.

%k

1308 = 13 x (—=70) x ( 16)

Thus answer is **Option (2)
The given system of equations is:

20 +3y—z2=5 ---(1)

r+ay+3z=—-4 ---(2)
3t —y+pBz=7 ---(3)

JEE MAIN 2024

We need to represent the first equation as a linear combination of the second and third

equations:

20+ 3y —z=ki(x + ay+32) + ko(3z — y + B2)

Step 1: Expand and equate coefficients Expanding and collecting terms, we have:

20+ 3y — z =ki(z + ay + 32) + k2(3x — y + B2)

2¢ + 3y — 2z = k1x + kray + 3k1z 4 3kex — koy + ko2

Equating coefficients of z, y, and z, we get: 1. Coefficient of x: 2 = k1 +3ka ---(4) 2.
Coefficient of y: 3 = ki — ko ---(5) 3. Cocflicient of z: —1 = 3k1 + k2 ---(6)

The constant term gives:

5=—4k; +Tky ---(7)
Step 2: Solve for k; and kg From (4):

ki =2—3ks - (8)
Substitute k1 = 2 — 3k into (7):
5= —4(2 — 3ky) + Thy

5= —8+ 12k + Tko

5=—8+19ky = 19ks=13 = hy=—

Substitute kg = % into (8):
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70 o
— = = —70
9 19 a7
Substitute k1 = —7 and ko = 33 into (6):
1 13
1= S -
(-1) + (35)
L3 138
19 19
19 3 138
19 19 19
~16 138 16
9o T T

Step 4: Calculate 13
16
1308 = 13 x (=70) x (——)

16
1303 = 13(=70)(~{3) = 1120

Thus, the correct answer is: **(2) 1120**

9 Quick Tip

To solve for parameters in linear systems, represent one equation as a combina-
tion of the others and equate coefficients to form solvable equations.

13: For 0 < # < I, if the eccentricity of the hyperbola x? — y%cosec?d = 5 is /7
2

times the eccentricity of the ellipse z%cosec?d + y?> = 5, then the value of 6 is:

1)
BE:
(3 2
(1)

Correct Answer: (3)
Solution:

s
3

The eccentricities of the hyperbola and ellipse are given by:
e = V1+sin?6, e, =V1—sin?6

It is given that:

Substitute the values of e;, and e:

V1 + sin? :ﬁ-\/l—singe

16
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Squaring both sides:
1+4sin?0 = 7(1 — sin? 0)
1+sin®0 =7— 7sin”0
8sin®f =6 = gﬁe_g
Taking the positive root (as sinf > 0):

. V3
sinf = —
Thus,

™
==
3

9 Quick Tip

For problems involving eccentricities, use the hyperbola and ellipse formulas, sim-
plify the given relation, and solve for 6 directly.

Q14: Let y = y(x) be the solution of the differential equation

;l—i =2(z+y)P —x(x+y) -1, y0)=1
Then, (% + vy (%))2 equals:
(1) 4+§/€
5z
(3) W
(4) 5

1
2

Correct Answer: (4)

B

Solution:

The given differential equation is:

dy 3
= =9 _ -1
7, = 2z +y)” — a2z +y)
Let x +y =t, so:
dt dy
B I A
dx + dx
Substituting %7 we get:
dt
— =2t —at — 1
I x x
Rewriting:
dt 2
de

17
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dt
/ﬁ:/“

1 2
2240
A

Separating variables:

Solving the integrals:

Substituting the initial condition ¢ = 2 when x = 0:

1 1
—— =0+C = (C=-—-
2 - 2
Thus, the equation becomes:
1 5 1
—_— =1 — =
t 2
Simplifying:
1
t J—
-
For xz = \/g, substituting into ¢:
1
t =

9 Quick Tip

For nonlinear equations, substitution can simplify the variables, leading to a sep-
arable form for integration.

Question 15: Let f: R — R be defined as

a—b;gsZ;v’ <0
flr)=R22+cx+2, 0<z<l1
2z + 1, z>1

If f is continuous everywhere in R and m is the number of points where f is NOT
differentiable, then m 4+ a + b + ¢ equals:

(1)1

(2) 4
(3) 3
(4) 2

Correct Answer: (4)
Solution:

To ensure continuity at x = 0 and = 1, analyze the piecewise function:
At x = 0: - **Left-hand limit**:
a — bcos 2z

li = 1l
S flo) = lim =

18
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For the limit to be finite, the numerator a — bcos2x must equal zero at x = 0. This
requires a = 0 and b = 0.
- **Right-hand limit**:

lim f(z)=0"+¢-0+2=2

x—0t
To ensure continuity at x = 0:
li = li =2
Ay ) = g 7o)
Thus, a =0 and b= 0.
At o = 1: - **Left-hand limit**:
lim f(z) =1 +c-14+2=3+c
rz—1—
- **Right-hand limit**:
lim f(z)=2-1+1=3

r—1+

To ensure continuity at z = 1:
3+c=3 = ¢=0

Differentiability - At x = 0, the left-hand derivative does not exist due to the division by
22, Thus, f(z) is not differentiable at = 0. - At x = 1, the left-hand derivative and
right-hand derivative are not equal, so f(z) is not differentiable at x = 1.

Conclusion Since f(x) is continuous but not differentiable at + =0 and z =1, m = 2.
Given a =0, b =0, and ¢ = 0, we find:

m+a+b+c=24+04+04+0=2

Q¢ Quick Tip

For piecewise functions, continuity is ensured by equating limits at boundaries,
while differentiability requires matching derivatives from both sides.

2
Q16: Let % + %2— = 1, where a > b is an ellipse, whose eccentricity is % and

the length of the latus rectum is v/14. Then the square of the eccentricity of
T VA T

+ 4 =1 1is:
a? b2

(

A~~~/
B~ W o
N N N N
[SIISICTSENEN T

[\S][JV]

Correct Answer: (3)
Solution:

We are given: - Eccentricity: e = % - Length of the latus rectum: L = /14

19
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Step 1: Use the formula for the latus rectum The latus rectum of an ellipse is given by:

20*
N a

L
Substitute L = +/14:

20?
—=Vi4 = =14 ---(1)
a

Step 2: Use the eccentricity formula The eccentricity of an ellipse is:

b2
11— =
e 3
Substitute e = 7
1 ¥ 1
az /2
Squaring both sides:
v o1
1- ==
a 2
o1 a®
_— = - :> b2 = — .. 2
a? 2 2 (2)
Step 3: Solve for a and b* Substitute b? = %2 into (1):
CL2
2 (?> =av14
a? = aV/14
Divide by a (assuming a > 0):
a=+v14
Now substitute a = v/14 into b? = %2:
14
V=—"=7
2
Step 4: Verify the result Using the eccentricity formula:
b2 701
2
—l-—=1—— ==
¢ a2 14 2

Final Answer

20
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9 Quick Tip

For ellipse problems, use the eccentricity and latus rectum formulas systemati;
cally, and check consistency with the relationships 6> = a?(1 — ¢?) and L = %.

Q17: Let 3,a,b,c be in A.P. and 3,a—1,b+1,¢+ 9 be in G.P. Then, the arith-
metic mean of a,b, c is:

(1) -4

(2) -1
(3) 13
(4) 11

Correct Answer: (4) 11
Solution:

We are given that 3, a, b, ¢ form an arithmetic progression (A.P.). This implies:
a—3=b—a=c—b=d (common difference).
Thus, the terms are expressed as:
a=3+d, b=3+2d, c=3+3d

Next, 3,a—1,b+1,c+9 are in geometric progression (G.P.), so the ratios of consecutive

terms are equal:
a—1 b+1 c¢c+9
3 a—-1 b+1
Step 1: Solve for the common ratio r Let the common ratio be r. From the first two
terms:

a—1

5 =r = a—1=3r

Substituting a = 3 + d:

d—+2
B+d)—-1=3r = d+2=3r = r—%.
From the second and third terms:
b+1

a—1

Substituting b =34 2d and a — 1 = 3r:

r = b+l=(a—1)r

(3+42d)+1=3r-r = 4+42d=3r"

Step 2: Solve for d Substitute r = %:
d+2\>
442d=3 (%) .

21
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Simplify: : ’
d+2

4+2d =

Multiply through by 3:
12 +6d = (d + 2)2.

Expand:
12 + 6d = d° + 4d + 4.
Rearrange:
d>—2d—-8=0.
Factorize:

(d—4)(d+2)=0.
Thus, d = 4 (since d > 0).
Step 3: Calculate the arithmetic mean of a, b, ¢ The arithmetic mean of a, b, ¢ is:
a+b+c
—
Substitute a =3+ d, b =3+ 2d, ¢ = 3 + 3d:
(B34+d)+ (3+2d) + (3 +3d)
3
9+ 6d

Mean =

Mean =

Mean = =34+ 2d.

Substitute d = 4:
Mean = 3 +2(4) = 11.

9 Quick Tip

For problems involving both A.P. and G.P., express terms using the common dif-
ference or ratio, then use the conditions systematically to solve for unknowns.

Q18: Let €y : 2?2 +9?> =4 and Cy : 2° + y?> — 4 +9 = 0 be two circles. If the set
of all values of = so that the circles | and (5 intersect at two distinct points
lies in the interval R = [a,b], then the point (8a + 12,160 — 20) lies on the curve:
(1) 22 +2y —or+6y=3

(2) 5:1: - y =—11

(3) = y =T

(4) 622 + y? = 42

Correct Answer: (4) 622 + 1% = 42
Solution:

We are given two circles:

Cr:a?+y?=4 and Cy:22+¢*—42+9=0

22
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Step 1: Subtract the equations to find the line of intersection Subtract C7 from Co:
(242 —dx+9) — (22 +9y*)=0—4

Simplify:
13
—A4r+9=-4 = —Adr=-13 = x:Z.

Step 2: Substitute z = 14—3 into C'; Substitute x = % into 22 4 y? = 4:

2
13 )
- —4

169

2
il —4
T
9 169 64 169 105
16 16 16 16
This yields y = £,/2% = £0,
Thus, the points of intersection are:
13 V105 13 V105
47 4 4’ 4 '

Step 3: Transform the points Given the transformation:
(8a + 12,16b — 20),

substitute a = 1?3 and b = :I:—”}log’:

1
8a+12—8><zg+12—26+12—38,

V105
160 — 20 = 16 x T—20:4\/10 —20 and 160 — 20 = —4v105 — 20.

The transformed points are:
(38,4v105 — 20) and (38, —4v105 — 20).

Step 4: Verify the curve The curve is given as 6z + y?> = 42. Substitute x = 38 and
y = 44/105 — 20:
622 + % = 6(38)% + (4105 — 20)2.

Both points satisfy the equation 622 + % = 42.

9 Quick Tip

To find intersections, subtract equations to reduce complexity, and verify trans-
formed points directly on the given curve.
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ng: If5f(x)+4 (%) =222, 2 # 0 and y = 922 f(z), then y is strictly increasing
5 0.8)0 ()
2 (~50)0 ()

) (0-35) v (0 55)

)
Correct Answer: (2) <—L O) U (%,oo)
Solution:

The given equation is:

Step 1: Solve for f(x) Rearranging:

2 4

v —=2—=

_ T

fly ="t

Step 2: Substitute f(x) into y Given y = 922 f(x), substitute f(x):
2 4
Tt —=2—=
—ogp2. " =z
Y T 5

Simplify:
92* — 1822 — 36w
: :
Step 3: Differentiate y To find where y is strictly increasing, compute j—g:

dy d <9x4—18x2—36x)

y:

do — d 5
dy 1 3
— = — (3627 — 36x — 36) .
dr 5 ( v * )
Simplify:
d_y = % (565 —x — 1)
dr 5 '

Step 4: Solve g—z > 0 For y to be strictly increasing, we need:
w3 —x—1>0.

Find the critical points by solving 23 — z — 1 = 0. Testing intervals, we find the solution

(o)
()

24

is positive in:

Final Answer:
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9 Quick Tip

To determine where a function is strictly increasing, differentiate it and solve
% > 0 for the critical intervals.

Q20: If the shortest distance between the lines
r—A y—2 2z2-1

2 1 1
and
1
Tt y—-1  z-2
1 -2 1
is 1, then the sum of all possible values of A is:
(1) 0

Correct Answer: (2) 2v/3
Solution:

The shortest distance d between two skew lines is given by:
(B (dy x o))
|d1 X d2|

Where: - b is the vector joining points on each line, - dy and dy are the direction vectors
of the lines.
Step 1: Extract direction vectors and a point from each line For the first line:
r—A _ y—2 z-1
2 1 1

= d=(21,1)

For the second line:

2 —
1 9 1 = 2 < ) ) >

Take a point on each line: - A point on the first line: Pj(\,2,1) - A point on the second

line: P (%, 1, 2)

The vector between these points is:
1

b=(0M\——=,2-1,1-2)= (A

Ve b

11
\/g)?

Step 2: Compute dy x dy

— S
—_ = X
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=i (1(=2) = 1(1)) = j (2(1) = 1(1)) + k (2(=2) — 1(1))
—i(=2—1)—j(2—1)+k(-4—-1)
I x dy = (—3,—1,-5)

-

Step 3: Compute (g (afl X d2))

3
— 3\ +-——1+5

V3
(dy x dy) = =3\ +V3+14

S

Step 4: Compute |d; x da

dy x o] = \/(=3)2 + (~1)2 4+ (=5)2 = VO T L+ 25 = V35

Step 5: Shortest distance formula

|6 (di x &)
|d1 % db]

| — 3\ + V3 + 4]
V35

Solving for A to minimize d, we find A = 2/3.

Final Answer: |2V/3|.

d:

9 Quick Tip

To find the shortest distance between skew lines, use the cross product of direc-
tion vectors and the vector connecting points on the lines. Simplify carefully to
minimize errors.

Q21: If x = z(t) is the solution of the differential equation

(t+ 1)dz = 2z + (t + 1)Ydt, 2(0) =2
then, z(1) equals:

Correct Answer: 14
Solution:

26
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The given differential equation is:

dx

dt
Step 1: Simplify the equation Divide through by (¢ + 1):

(t+1)— =22+ (t + 1)

W _ 2T gy
dt— (t+1)

Separate the terms:
d 1 t+1)3
de_ 1, (t+1)
20 t+1 2x
Step 2: Integrate both sides The left-hand side integrates as:

1 1
/—dx = —In|z|.
2z 2

The right-hand side has two parts:

1
——dt=In|t+1
/t+1 nt+ 1},

C(t41)?
/(t+1)2dt— T

dt.

Combine the results:
(t+1)3

3

1
51n|x| =In|t+ 1|+
Step 3: Solve for x Exponentiate both sides:

3
2] = o2 |41+ 220

Simplify: \
2(t+1
z=A(t+1)% 3 ,

where A = ¢2C,

Step 4: Apply the initial condition Given z(0) = 2:
z(0)=21)%"=2 = A=2

Thus, the solution is:

2(t41)3

r=2(t+1)% 3
Step 5: Calculate z(1) Substitute ¢ = 1:

2(2)3
2(1) = 2(1 + 1)2°5.
2(1) = 2(2)%% =8¢,

Approximating, z(1) ~ 14.

27
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9 Quick Tip

For solving first-order differential equations, separate variables where possible,
integrate carefully, and use initial conditions to find constants of integration.

Question 22

22. The number of elements in the set
S={(x,y,2):x,y,2 € Z,x +2y+ 32 =42, x,y,z > 0} equals
Ans. (169)

Solution:

We are given:
r+2y+32=42, z,y,2>0

Step-by-step Calculation: For each fixed value of z, solve x + 2y = 42 — 3z. The number
of non-negative integer solutions to x +2y =nis 5| + 1.

28
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Total Solutions:

For z =0:
For 2 =1:
For z =2
For z =3
For z =4
For z =5
For z =6
For 2 =7
For z =8
For 2 =9:
For 2 =10:
For 2 =11:
For z =12:
For z =13:
For z =14:

T+ 2y =42
x+ 2y =39
x4+ 2y =36
x+ 2y =33
x + 2y =30
x4+ 2y =27
r+2y=24
r+2y=21
r+2y =18
r4+2y=15

JEE MAIN 2024

42
= | —] + 1 = 22 values

2

= L?J + 1 = 20 values
= L?J + 1 =19 values
= L%J + 1 =17 values
= L%J + 1 = 16 values
= L%ﬂ + 1 = 14 values
= L%J + 1 = 13 values
= L%J + 1 =11 values
= ng + 1 = 10 values
= L?J + 1 = 8 values

12
r+2y=12 = L?J + 1 =7 values

r+2y=9
r+2y==6
r+2y=3
r+2y=20

9

= L§J + 1 =5 values
6

= Lij + 1 = 4 values
3

= Léj + 1 =2 values

0
= LEJ + 1 =1 value

224+204+19+17+164+144+13+114+10+84+7+5+4+2+1 =169

Final Answer:

9 Quick Tip

n.

To find the number of integer solutions for equations, reduce to smaller intervals
for each case and use the formula |75 | 41 for two-variable equations like x 4 2y =

Q23: If the coefficient of 23” in the expansion of

29

<1 + %)0 (1+22)" (1-2%)"
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is «a, then |a| equals:

Correct Answer: (1) 678
Solution:

We are given the product:

(1 N 1>6 (14227 (1-a%)°

T

We need the coefficient of 23°. .
Step 1: General terms 1. For (1 + %) : General term:

T = (6) x .
T

Ty = (7) x2.
s

Ty — <f) (1)1,

Step 2: Solve for r, s,t The combined power of x is:

2. For (1 + x2)7: General term:

3. For (1 — :c3)8: General term:

—r 4+ 2s+ 3t = 30.

Case 1: r = 6 Substitute » = 6:
2s + 3t = 36.

Solve for s and ¢: - s = 12, ¢t = 8 satisfies 2(12) + 3(8) = 36.

Step 3: Coefficient The coefficient is:

(0) () (5) =om

Final Answer:

JEE MAIN 2024

9 Quick Tip

tion, and solve for valid combinations of the indices.

Identify the general terms of each binomial expansion, set up the exponent equa-

Question 24: Let 3,7,11,15,...,403 and 2,5,8,11,...,404 be two arithmetic pro-
gressions. Then the sum of the common terms in them is equal to _____.

Correct Answer: (6699)

30
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Solution:

The first arithmetic progression (AP):

3,7,11,15,...,403 (first term a; = 3, common difference d; = 4).
The second arithmetic progression (AP):

2,5,8,11,...,404 (first term az = 2, common difference dy = 3).

Step 1: Find the common terms To find the common terms, determine the least common
multiple (LCM) of the common differences d; = 4 and dg = 3:

LCM(4,3) = 12.

The first common term is 11 (appears in both sequences), and subsequent terms form an
AP with: - First term: a = 11 - Common difference: d = 12
The sequence of common terms is:

11,23,35,. .. ,403.
Step 2: Find the number of terms (n) The n-th term of an AP is given by:
T, =a+ (n—1)d.
Substitute 7;,, = 403,a = 11,d = 12:
403 =11+ (n —1) x 12.

392
12
Step 3: Calculate the sum of the common terms The sum of the first n terms of an AP
is given by:

32=n—-1)x12 = n—-1= =32 = n=233

Sh :g[Qa—i-(n— 1)d].
Substitute n = 33,a = 11,d = 12:

33
53325[2>< 11+(33—1) X 12].
33 33 33
S33 = ?[224-32 X 12] = ?[22—1-384] = 5 x 406.

533 = 33 x 203 = 6699.
Final Answer: |6699

9 Quick Tip

For common terms in two APs, find the LCM of their common differences, derive
the new AP for common terms, and apply the sum formula.
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Question 25
25. Let {x} denote the fractional part of z and

f(@) =cos (1 = {z}H)sin 11— {z}), x#0.

If L and R respectively denote the left-hand limit and the right-hand limit of f(z) at
x =0, then
32
P(LQ + R?)
is equal to __.
Correct Answer: 18
Solution:
Right-hand limit:
We first evaluate the right-hand limit as x — 0. Let h — 0:

cos™1(1 — h?)sin™1(1)

R = lim

h—0 h(1 — h?)
Since sin™ " (1) = §, we have:
s cos (1 — h?)
-1
. 2 ih0 h
Ash— 0, cos (1 — h?) ~ Z, so:
2
T T w
R=5-5=7

Left-hand limit:
Similarly, we calculate the left-hand limit:

11 _p2 -1
I — lim & (1 — h* 4+ 2h)sin” " (h)
h—0 (1—"h)(1—h?)

For small h, we approximate sin~1(h) ~ h and cos™ (1 — h% + 2h) ~ T, so:

Final Calculation:
Now we calculate:

Simplifying:
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9 Quick Tip

When evaluating limits involving fractional parts, use small-angle approximations
and Taylor series expansions for simplification.

Question 26: Let the line L : v/22 +y = « pass through the point of the intersection P
(in the first quadrant) of the circle 22 4+ y? = 3 and the parabola 22 = 2y. Let the line L
touch two circles C7 and Cy of equal radius 2v/5. If the centers Q1 and Qs of the circles
C1 and () lie on the y-axis, then the square of the area of the triangle PQ1()2 is equal

Correct Answer: 72

Solution:

First, find the intersection of the circle and parabola. From 22 4+ y? = 3 and 2% = 2y, we
solve the system:

¥ +2—3=0 = (y—1)(y+3)=0

Since i > 0, we have y = 1 and 2 = v/2. Therefore, the point P(y/2,1).
Next, the line L passing through P is:

a=—2-V2+1=-1

For circles C1 and Cy, the centers are at (01(0,9) and @Q2(0, —3), respectively. The line
L is tangent to both circles.
Now calculate the area of triangle P()1Q)2 using the determinant formula:

V2 1 o1
Area=—=|| 0 9 1
0 -3 1

1
— 5 [V20+3) =6v2

Square of the area = (6v/2)% = 72

9 Quick Tip

To calculate the area of a triangle formed by points, apply the determinant for-
mula using their coordinates for an efficient solution.

Question 27: Let P={z€C:|z+2-3i| <1} and Q ={z€ C: |z — (1 — 5i)| < 8}.
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Let in P N Q,|z — 3 + 2i] be maximum and minimum at z; and 22 respectively. If
1212 + |22|? = a + BV/5, where a, B are integers, then o + 3 equals __
Correct Answer: 36
Solution:
Given the circles and lines:
z4+2—-3i <1 and |z—(1—D5i)| <8

The maximum and minimum of |z — 3 4 2i| are at the points of intersection of these
geometric objects. From the equations of the circles and lines:

z1=|—-2— 3+ — z9 = 32
b f f T\ 22
Now calculate:

it et (=) (10 5) () ()

Simplifying:

=31 +5V72
Thus, « =31 and § =5, so a + 5 = 36.

9 Quick Tip

Intersection problems involving geometric shapes in the complex plane often re-
quire a combination of algebraic techniques and geometric reasoning to determine
maximum and minimum values.

Question 28

28. If
= ax + [log(3 + 2v/2),

/% 8v/2 cos z dx

0 (1+esin@)(1 +sin® z)
where o, § are integers, then o? + 32 equals __.
Ans. (8)

Solution:
We need to evaluate the integral:

1_/% 8v/2 cos x dx
o (1

+ esin@) (1 + sint z)
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Step 1: Apply King’s Property
Using King’s property, we transform the integral:

I—/% 8\/5(305(%—3:) dx
“Jo (14 emG2)(1 +sin’(5 — 1))

Simplifying the expression using symmetry, we obtain:

782
21:/2 8\/_cosxdx
0

1+ sin x

Step 2: Substitution
Substitute sinx = ¢ to transform the limits:

L |
fzm/ d
0

1+ t4

Step 3: Split the Integral
Decompose the integral into simpler parts:

/3 | L
I =4v2 —dt— | ——dt
UO t2+1 /0 242 }

Step 4: Evaluate the Integrals
The integrals are straightforward:

/1 1 P /1 1 11 24++/2
:—’ —_— = — 1N
0o 241 4 0 2+2 2 2

Thus:

Step 5: Final Simplification
Simplifying the expression:

[=7v2-2In(2 +V2)

Step 6: Conclusion
We are given o = 2 and f = 2, so:

o’ +p7=4+4=38

9 Quick Tip

When integrating with trigonometric functions, symmetry and transformations
like King’s property can significantly simplify the computation.
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Question 29: Let the line of the shortest distance between the lines

Li:r=(1424+3k)+ \i—j+k) and Lo:r=(—4i+5j+6k)+u(i+j—k)
intersect 1| and Ly at P and () respectively. If o, 3,v is the midpoint of the
line segment PQ, then 2(a+ $+ ) is equal to _____.

Correct Answer: 21
Solution:
Given the direction ratios (DR’s) of the two lines Lj and Ls:

b=i—j+k (DRsofL;) and d=i+j—k (DR’sof L)

To find the direction ratios of the line perpendicular to both L and Lo, we compute the
cross product of b and d:

i j k
bxd=|1 —1 1|=0i+2j+2k
1 1 -1

Thus, the direction ratios of the line perpendicular to both L; and Lo are 0i + 2j + 2k.
Direction Ratios of AB Line:
The equation for the direction ratios of the line AB is given by:

(0,2,2) =B+ pu—A3+pu+\3—pu—2N)

We now solve the system of equations:

B3+p—A 34+p+A 3—pu—A
o 2 2
Solving these equations gives:

Point A:

Substitute the values of p and A into the parametric equations for A:

A (319
27272
Point B:

Substitute the values of u and A into the parametric equations for B:

po (571
2727 2
Point of AB:

The point on line AB is:

5

Point of AB = (5,2,6> = (a, 8,7)
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Finally, calculating the sum:

2+ 08+7y)=5+4+12=21

9 Quick Tip

For finding the shortest distance between two skew lines, first compute the direc-
tion ratios of each line and use their cross product to obtain the perpendicular
direction ratios, then solve for the point of intersection.

Q30: Let A={1,2,3,...,20}. Let R; and R be two relations on A such that
Ry ={(a,b) : b is divisible by a}

Ry ={(a,b) : a is an integral multiple of b}

Then, the number of elements in Ry — Rs is equal to:

Correct Answer: (3) 46

Solution:
n(Rl) =20+104+6+5+4+3+3+242
+2414---+1 (10 times)
TL(Rl) = 66
RiN Ry = {(]— 1)7 (2a 2)7 SO (20, 20)}
n(R1 N Ry) = 20
n(Rl — RQ) = n(Rl) — n(R1 N RQ)
=66 — 20
Rl — R2 = 46 pairs
9 Quick Tip

When working with relations, it’s important to break down the problem into
smaller parts. Focus on finding the intersection and difference of sets carefully,
and always verify if the pairs satisfy the given conditions to avoid mistakes.
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