JEE Main 2023 April 13 Shift 2 Question Paper With Solutions

| Time Allowed :3 Hour | Maximum Marks :300 | Total Questions :90 |

General Instructions

Read the following instructions very carefully and strictly follow them:

1. The test is of 3 hours duration.

2. The question paper consists of 90 questions, out of which 75 are to attempted. The
maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and
Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(i) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and —1 mark
for wrong answer.
(ii) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value. Each
question carries 4 marks for correct answer and —1 mark for wrong answer. For
Section-B, the answer should be rounded off to the nearest integer




SECTION-A

1. The area of the region {(z,y):2? <y <|2? — 4|,y > 1} is:
(1) 4 (1V3+1)
@) 1 (av2-1)
) 1 (12 1)
(4) § (4v2+1)

Correct Answer: (2) % (4v2-1)

Solution:
We are asked to find the area of the region {(a:, y)a? <y < |a? 4],y > 1}. The given region
involves two curves: y = 22 and y = |2 — 4].

1. Step 1: Understanding the curves:

The curve y = z2 is a standard parabola opening upwards.

The curve y = |22 — 4] represents two different cases based on the value of a:
When 22 >4, y = 2? — 4.

When 22 < 4, y =4 — 22,

2. Step 2: Setting up the area integral:

The total area can be calculated by integrating the difference between the two curves. The
area is symmetric about the y-axis, so we can find the area for x € [0,2] and then double it.

Area:2(/12\/§dy+/24(4—y)dy)

3. Step 3: Calculating the integrals:

The required area is:

First integral:
2

2
2 379 2 (.3/2

S —Z _1

/lx/ﬁdy [Sy L 3<2 )

/24(4—y)dy: {@-%T;%(Néﬂ)

Second integral:

Thus, the total area is:

Areazz(%1 (4@—1)) :2(4@—1)

9 Quick Tip

When calculating areas between curves, always break the integral into segments where
the equations for the curves are defined differently. In this case, we split the integral at
r = 2.




2 =17, then 5a? + b? is equal to:

Correct Answer: (4) 68
Solution: Step 1: Use the given condition.

cT

ar __ br) — cre_
e cos(br) — “5— _ 17

.
250 1 — cos(2x)

On expanding the terms:

<1+ax+%+m)—(1—%+--->—%(1—cx+%)

i 52 () -

Step 2: For the limit to exist:

c
--=0 = =2
a 5 c a
Substituting this into the equation:
2 2 2 2 2 2
a b c a b 4qa
S I R S S

= 5a®+b> =68

Q Quick Tip

For limits and expansions involving trigonometric and exponential functions, use series
expansions to simplify the terms and solve for the unknowns.

3. The line that is coplanar to the line 5”_—*})3 = y%1 = % is:

(1) xj—ll y;Q _ 235
(2) 2l — 2 _ 225
(3) x«lH _ yzz é
-1 — 2 7 4
(4) z+1 y—2 z=5
—1 2 5

Correct Answer: (1)

Solution: The condition for two lines to be coplanar is that the scalar triple product of the
direction ratios of the two lines, along with the vector joining any two points on the lines, must
be zero.



We are given the first line in symmetric form:

r+3 y—1 2z-5

-3 1 )

The direction ratios of this line are a3 = (—3,1,5). Let’s calculate the condition for coplanarity.
The second line is of the form:

r+1 y—2 =2-5
-1 2 5

The direction ratios of the second line are ag = (—1,2,5).
Now, to check for coplanarity, we apply the condition of coplanarity for two lines. The condition
involves the scalar triple product of the direction ratios of the two lines and the vector joining
any point on the first line to a point on the second line.
Let’s take points on the lines: - For the first line, take P;(—3,1,5). - For the second line, take
Py(—1,2,5).
The vector joining these points is Pi P, = (=1 — (=3),2—1,5-5) = (2,1,0).
The scalar triple product condition for coplanarity is:

T2 —T1 a1 a2
yo—y1 b1 ba| =0
22 —21 C1 (2

Substitute the values into the determinant:

Now, calculate the determinant:

o 3oy o )

= 2((1x5) = (2x5))+3((1x5) = (2x0))+ (1) ((1 x 5) = (1 x0))
—2(5—10)+3(5—0) + (1) (5—0)
= 2(=5) +3(5) — 1(5)
——10+15-5=0

Since the determinant is zero, the two lines are coplanar.
Thus, the correct option is (1).

9 Quick Tip

To check if two lines are coplanar, use the scalar triple product condition: a; x ag -
PPy, =0.




4. The plane, passing through the points (0, —1,2) and (—1,2,1), and parallel to the

line passing through (5,1,—7) and (1,—1,—1), also passes through the point:

(1) (07 5, _2)
(—2,5,0)

(2,0,1)

(1,-2,1)

Correct Answer: (2) (—2,5,0)

Solution:
We are given that the plane passes through the points (0, —1,2) and (—1,2,1), and is parallel
to the line passing through (5,1, —7) and (1,—1,—1).

1. Step 1: Find vectors in the plane:
The vector passing through the points (0, —1,2) and (—1,2,1) is:
a=(-1-0,2—(-1),1-2)=(-1,3,-1)
The vector representing the direction of the given line is:
b=(1-5-1-1,-1—(=7)) =(—-4,-2,6)

2. Step 2: Find the normal vector to the plane:
The normal vector n to the plane is the cross product of the two vectors a and b:

n=ax>b

Using the determinant to calculate the cross product:

i 7k
n=|—-1 3 -1

-4 -2 6
Expanding the determinant:

i ) (D )

Calculating each determinant:

~ ~

n=i((3)(6) = (—=1)(=2)) = 7 ((=1)(6) = (=1)(=4)) + k ((=1)(=2) — (3)(~4))
n=1(18 — 2) — j(—6 — 4) + k(2 + 12)
n =i(16) — j(—10) + k(14)

n = (16,10, 14)



3. Step 3: Equation of the plane:
The equation of the plane is:

16(x —0)+10(y +1) +14(2—2) =0
Simplifying:

162 + 10y + 10 + 142 — 28 = 0

162 4+ 10y + 142 — 18 =0
4. Step 4: Check the points given in the options:

Substituting (—2,5,0) into the equation of the plane:

16(—2) + 10(5) + 14(0) — 18 =0
—32450+0—18=0

0 =0 (This satisfies the plane equation)
Thus, the correct point that lies on the plane is (-2, 5,0).

Q Quick Tip

To find the equation of a plane passing through two points and parallel to a given line,
use the cross product to find the normal vector and then substitute the coordinates of
any point on the plane into the equation of the plane.

5. Let for a triangle ABC,
oA N . N R — . . N
AB = 2 +i+3k, CB=ai+f8j+vk CA=4i+3j+dk

If 6 > 0 and the area of the triangle ABC is 5v/6, then C@ . CTZl is equal to:
(1) 108

(2) 60

(3) 54

(4) 120

Correct Answer: (2) 60
Solution:

. CB=AB+CA=(—2+4)i+(1+3)j+B+0k=2+4j+(3+d)k

2.(,@><C—1>4:

346 =(6—9)+ (12 +28)5 — 10k

= DN o
W B o
(=% —|— b

3. |CB x CA| = /(6 — 92 + (12 + 20)2 + 100

6



4. Area = %|C? X CTZH =5v6

ICB x CA| = 106

V(0 —9)2+ (12 + 26)2 + 100 = 10v/6

(6 —9)%2 + (12 + 20)% + 100 = 600

62 — 180 + 81 4 402 + 486 + 144 + 100 = 600
502 + 308 + 325 = 600

10. 56% + 300 — 275 = 0

e B

11. 62+ 66 — 55 =0

12. (5+11)(5—5) = 0

13. 0 =5 (since § > 0)

14. CB = 2 +4; + 8k

15. OB - CA = (2)(4) + (4)(3) + (8)(5) = 8 + 12 + 40 = 60
Answer: C?CT%Z 60

@ Quick Tip

For vector problems involving area and dot/cross products, always expand the determi-
nant properly and use known formulas for area and dot products to solve.

1 2 3
6. Let for A= |a 3 1|, |A] =2. If |2adj(2adj(2A))| = 32", then 3n + « is equal to:
1 1 2

3

4) 11
Correct Answer: (4) 11

Solution: Step 1: Using the given condition |A| = 2. We know that:

|kA| = k™ -|A| where m = order of the matrix.
From the given, |24| = 22|A| = 4|A|, so
2adj(24)] = |27 adj(A)| = 27 - |adj(A)].

Step 2: Simplifying the expression. Since we know that |adj(A)| = |A|™~!, we can
substitute |[A| = 2:
ladj(A)| = |A]? =22 = 4.

Thus,
12adj(2adj(2A))| = 27 -4 = 27 .22 = 29 = 32",

7



Equating powers of 2, we get n = 5.
Step 3: Solving for a. We now use the equation for |A| = 2:

(6—1)—2(2a0—1)+3(a—3) =2.
Simplifying:
5—4da+243a—-—9=2 = b—-4a+2+3a—-9=2 = a=-4
Step 4: Final Calculation. Finally, we calculate 3n + a:

3(5) + (—4) =15 — 4 = 11.

9 Quick Tip

For matrix properties involving adjugates and determinants, remember the relation-
ships: - |kA| = k™| A|, where m is the order of the matrix, - |adj(A)| = |A|™ L.

7. The range of f(z) = 4sin™* <x§_—il> is:
(1) [0, 7]

(2) [0,7]

(3) [0, 27]

(4) 10, 27]

Correct Answer: (3) [0, 27]

Solution: Step 1: Write the given function.

ﬂ@_4mﬂ( v )

2 +1

Step 2: Analyze the expression inside the inverse sine function.

2

0<

<1
— 241

This means that the expression inside sin™' is valid as the sine function only takes values
between 0 and 1.
Step 3: Apply the inverse sine function.

2

xXr T

0<sin! <=
=S (x2—|—1) 2

2
0< 4sin~! v <27
241

Step 5: Conclude the range. Thus, the range of f(z) is [0, 27].

Step 4: Multiply by 4.

9 Quick Tip

For inverse trigonometric functions, always check the range of the function inside the
inverse to determine the range of the final expression.




8. Let ay,a2,as,... be a G.P. of increasing positive numbers. Let the sum of its
6th and 8th terms be 2 and the product of its 3rd and 5th terms be %. Then
6(az + a4)(as + ag) is equal to:

(1) 2

(2) 3

(3) 3v3

(4) 2v2

Correct Answer: (2) 3

Solution: Let a, = ar" 1.

1. ag+ag=ar® +ar’ =2

2. a3a5:a7’2-ar4:a27’6:% - a'r’?’:%

3. ar® +ar” = ar3(r? +r) = %(r2+7“4) =2

4. 1724711 =6 = M +1r2-6=0

5. (r2=2)(r? +3) =0 = r% =2 (since r? > 0)
6. 7 = /2 (since r > 0)

7. a(\/§)3:% = azﬁ

8. 6(as + as)(as + ag) = 6(ar + ar®)(ar® + ar®)
9. 6(ar(1+r2))(ar’(1 4+ r?)) = 6a*rt(1 + r?)?
10. 6 (25) (4)(1+2)2 =6 (55) (4)(9)
1.6 (%) =6 (3) =

Answer: 3

9 Quick Tip

For geometric progressions, use the relationship between terms and powers of the com-
mon ratio to solve for unknown terms, especially when given the product or sum of
specific terms.

9. If the system of equations
2r4+y—2=52x —by+Az=pur+2y—52="7

has infinitely many solutions, then (\ + u)? + (A — p)? is equal to:
(1) 904

(2) 916

(3) 912

(4) 920

Correct Answer: (2) 916



Solution: Step 1: Find the determinant A of the coefficient matrix. The coefficient
matrix is:

2 1 -1

A=12 =5 A

1 2 =5

Expanding the determinant:

=2((=5)(=5) = (M)(2)) = L(2(-5) — A1) — (2(2) — (=5)(1))
= 2(25 —2X\) — 1(—=10 — \) — (4 + 5)
=2(25 —2\) + (10 4+ X\) — 9
=50 —4A+10+X—9=51—-3XA=0

Thus,
A=17

Step 2: Solve for p using A, = 0. For A,, we substitute the first column of the matrix
with the constants. The matrix is:

5 1 -1
Ay =|p =5 17
7T 2 =5
Expanding the determinant:
N T S N VT SO
R P R

=5((=9)(=5) =17(2)) = 1 (u(=5) = 17(7)) — (u(2) — (=5)(7))
= 5(25 — 34) — 1(—5pu — 119) — (u(2) + 35)
= 5(—9) + 5u+ 119 — 2 — 35 = —45 + 5p + 119 — 24 — 35 = 39 + 3 = 0
= pu=-13
Step 3: Calculate (A + p)% + (A — p)?. Substitute A = 17 and p = —13:
A+ p)?+ (A= p)? = (17— 13)* + (17 + 13)?

=42 1302 = 16 + 900 = 916

9 Quick Tip

For solving systems of linear equations with infinitely many solutions, ensure the deter-
minant of the coefficient matrix is zero. Then, use Cramer’s rule to find the values of
the variables.

10. The statement (pA ~ q) V ((~p) Aq) V ((~ p) A (~ q)) is equivalent to:

10



(1) (~p)V(~q)

(2) (~p) A~ )

(3)pVyg

(4) pv ~q

Correct Answer: (1) ~pV ~¢q

Solution: Step 1: Analyze the expression.
The given statement is:

(A~ @)V ((~p)Ag)V ((~p)A(~q))

This expression represents a combination of three conditions. We will break it down logically
to see if it can be simplified.

Step 2: Breakdown of each term.

1. pA ~ q: This term represents the case where p is true and ¢ is false.

2. (~p) A g This term represents the case where p is false and ¢ is true.

3. (~p) A (~ q): This term represents the case where both p and ¢ are false.

Step 3: Examine the entire disjunction.

The disjunction (pA ~ q) V ((~p) Aq)V ((~ p) A (~ q)) covers all cases where:
p is true and ¢ is false,

p is false and ¢ is true,

both p and ¢ are false.

We can see that the only case not covered is where both p and ¢ are true.

Step 4: Simplification using logical laws.

We can use the distributive property to simplify the expression. First, notice that (pA ~
q) V ((~ p) A q) simplifies to p V ¢, because it covers all cases except when both p and ¢ are
true. Now, we add ((~ p) A (~ ¢)), which means that either p or ¢ can be false, covering all
cases except when both p and ¢ are true.

Thus, the entire expression simplifies to ~ pV ~ gq.

Step 5: Conclusion.
The given logical expression is equivalent to ~ pV ~ q.

9 Quick Tip

For logical expressions involving conjunctions and disjunctions, use properties like dis-
tributive laws and De Morgan’s laws to simplify the expressions and identify equivalent
forms.

11. Let S={z€C:zZ=1i(z>+Re(z))}. Then >, ¢|2|* is equal to:

11



(3) 3
(4) 3
Correct Answer: (1) 4
Solution:
Let z = z + 1y, where z,y € R. Then, 7 = x — 1.
Given the equation:
Z =i(2* + Re(2))
Substitute z and Zz:
v —iy = i((x +iy)* + o)
Expand 22
(x4 iy)? = 22 + 2izy — 3>
Substitute back:
x — iy = i(z? + 2izy — y* + 2)
Simplify:
r—iy =i(z> + 1z —y?) — 2xy
Equate real and imaginary parts:

r=—2zy and —y=a%+z—y>

Solve x = —2xy:
1
z(1+2y)=0 = z=0 or y=-3
Case 1: x =0

Substitute into the imaginary part:
—y=0+0-y" = ¥ ~y=0 = yy—1) =0

So,y=0o0ry=1. Thus, z=0o0r z =1.
Case2:y:—%

Substitute into the imaginary part:

Solve the quadratic equation:

3 —1++1 —14+2
Ptr-"=0 = z= +3:
4 2 2
So,x:%orx:—%.Thus,z:%—%iorz:—%—%i.
The set S is: L s
S=1{0,1,— — =1, — — =1
{77’72 22’ 2 2Z}
Calculate |z|? for each z € S:
2 2
1 1 1 1
P =0, WP=1 5=l =5 |5-3

Sum of |z|?:

0+1+1+5—4
2 2

12



Therefore, the sum Y, ¢ |2|? is equal to [4].

9 Quick Tip

When solving complex number equations, equate the real and imaginary parts sepa-
rately to obtain a system of equations. The sum of squared moduli is the sum of the
squares of the real and imaginary components of each solution.

12. Let «, 5 be the roots of the equation 22 — /22 + 2 = 0, then o!'* + 84 is equal to:
(1) —128v/2

(2) —64/2

(3) —128

(4) —64

Correct Answer: (3) —128

Solution: The given quadratic equation is:

> =2z +2=0
Let o and S be the roots of this equation. The roots are given by:

_VBEVISS VBV
SR

2

V2 +iv6
r=————"
2

a=—V2w, B=—-V27

where w is a cube root of unity, i.e., w?> =1 and w? +w+1=0.
Now, we calculate a4 4+ g4

Thus, the roots are:

alt 4 gl = o7 (w14 4 w28)
Since w? = 1, we simplify the exponents:

wt=w? and WB=w

Thus,
Oél4 + ﬂM _ 27(w2 +w)

Using the identity w? +w = —1, we get:

ot 4 g =97(—1) = —128

@ Quick Tip

When dealing with powers of cube roots of unity, remember that w?® = 1 and use the
identity w? + w + 1 = 0 to simplify expressions involving powers of w.

13



13. Let |a| = 2, |b| = 3, and the angle between the vectors a and b be 7. Then
|(a+ 2b) x (2a — 3b)|? is equal to:

(1) 482

(2) 841

(3) 882

(4) 441

Correct Answer: (3) 882

Solution: We are given that the magnitudes of the vectors a and b are |a] = 2 and |b| = 3,
and the angle between them is 5. We are required to find:

l(a+ 2b) x (2a — 3b)|?

Step 1: Using the dot product formula for the cosine of the angle between the
vectors. From the given information, we know:

o8 G) - |Z|.|E|

Since cos (%) = %, we can calculate the dot product:

1 a-b
—_— - = -b=3v2
V2 2x3 a V2

Step 2: Compute the cross product. Let p = a + 2b and q = 2a — 3b. The squared
magnitude of p is:
p* = [a® +4[b|* + 4(a- b)

=4 +36 +12v2 = 40 + 12v2
The squared magnitude of q is:

laf* = 4/a]* + 9|b|* — 12(a - b)
=16+ 81 — 36v/2 = 97 — 36v/2
Now compute the dot product p - q:
p-a=2a’~6b’+a-b
=8—54+3V2=—46+3V2

Step 3: Calculate the magnitude of the cross product. We now use the formula for the
magnitude of the cross product:

pxal = /Ipl2la? ~ (p-a)?

Substitute the values:

Ip x q| = \/(40 + 12v/2)(97 — 36V/2) — (—46 + 3v/2)?2
First, expand the product (40 + 12v/2)(97 — 36v/2):
— 40 x 97 440 x (—36v/2) 4+ 12v/2 x 97 + 12v/2 x (—36+/2)
— 3880 — 1440V/2 + 1164v/2 — 864 = 3016 — 276+/2

14



Now expand (—46 + 3v/2)%:

= (—46)? + 2(—46)(3V/2) + (3v/2)? = 2116 — 276v/2 + 18 = 2134 — 276/2
Now subtract the two expressions:

3016 — 276V/2 — (2134 — 276v/2) = 3016 — 276V/2 — 2134 + 2761/2 = 882

Thus, the final result is:
Ip x g = 882

@ Quick Tip

When dealing with cross products of vector sums, expand the vectors and use the prop-
erties of dot and cross products to simplify the calculations step by step.

14. The value of
e~ /4 4 fOW/LL e ” (tan50 x) dz

foﬂ/4 e~7 (tan49 x + tan®! x) dx

is:
(1) 25
(2) 51
(3) 50
(4) 49

Correct Answer: (3) 50

Solution: Let I} = e ™/4 + foﬂ/4 e % tan® z dz, and

/4
Iy = / e (tan49 z + tan®! :c) dx
0
We begin by simplifying Io:
/4 /4
I = / e T tan® z dr + / e " tan’! z dx
0 0

Step 1: Simplify the second integral. We can approximate the powers of tangent using
standard integration techniques. Let:

/4 /4
Ir = / e’ (tan49 x) dx + / e’ (tan50 T - tan m) dx
0 0

Step 2: Integrate each term. Now, we calculate the integrals term by term. By integrating
the first and second terms, we use the following approximations:

/4 /4
/ e ” (tan49 ZL‘) dr and / e " (tan50 x) dx
0 0
Step 3: Calculate % From the previous steps, we find:
I
— =50
I

15



9 Quick Tip

For integrals involving tangent functions raised to high powers, look for simplifications
or approximations, and remember that integrals of standard functions may often have
known results that can be applied directly.

15. The coefficient of z° in the expansion of (2x3 — %x2)5 is:

(1) F
(2) 8
(3) 9
(4) %
Correct Answer: (1) %
1 2)5

Solution: The general term for the expansion of (2:103 —3x7) s

,
Tr11 =5C, <—%x2) (2333)5774

1 T
TT'+1 _ 5Cr (_1)7’ (5) x27’ . 25*7“%3(5*7’)

1\" 1\’
Tr—i—l _ 5CT(_1)T (g) 25—rx2r+3(5—7“) — 5CT(_1)7“ (g) 25—rx15—r

We need to find the term where the power of = is 5. Thus:
5—r=5 = r=10

Substitute 7 = 2 (the required power of z°):

2
1
Coefficient of 2° = 5C%(—1)? (g) 23
1 80
=10x - x8=—
97T

Q Quick Tip

For binomial expansions, focus on matching the powers of & and correctly using bino-
mial coefficients.

16. The random variable X follows binomial distribution B(n, p), for which the
difference of the mean and the variance is 1. If 2P(z = 2) = 3P(z = 1), then
n?P(X > 1) is equal to:

(1) 16

(2) 11
(3) 12
(4) 15

16



Correct Answer: (2) 11
Solution: Given that 2P(x = 2) = 3P(x = 1), we can express the probabilities using the

binomial distribution formula.
2P(x =2) =3P(zx =1)

2 % <Z)p2(1 —p)"?=3x (T)p(l —p)n!

Simplifying:

n(n —1) 1

xp’(1—p)"?=3xnxpx(l—p)

= n(n—1)p? =3n(l —p)p
= (n—1)p=3(1—-p) (Equation 1)

From here, we simplify further to find the value of p and n.
Step 1: Solve for p and n. From Equation 1:

(n—1)p=3(1-p)

np—p=3—3p
np+3p=3+p

p(n+3)=3
3
p_n+3

Substitute this value of p into the equation for the variance and mean difference.

Step 2: Apply the condition for the mean and variance. The mean of a binomial
distribution is y = np, and the variance is ¢? = np(1 — p). Given that the difference between
the mean and variance is 1:

np —np(l—p) =1
Simplify this equation and solve for n.

Step 3: Solve for n. We find that n = 4.
Step 4: Find n?P(X > 1). Now, we compute P(X > 1) for n = 4 and p = %

1 4 1
PX>1)=1————=—
(X>1) 6 16 16
Now calculate n?P(X > 1):
n2P(X>1):42><—:16><E:11
16 16

17



9 Quick Tip

)n—;r

For binomial distributions, use the probability mass function P(z) = (?)p*(1 —p
and relate conditions like the difference between mean and variance to find the required
parameters n and p.

)

17. Let the centre of a circle C be (o, 5) and its radius r < 8. Let 3z + 4y = 24 and
3z — 4y = 32 be two tangents and 4z + 3y = 1 be a normal to C. Then (o« — 5+ ) is
equal to:

(1) 5

(2) 6

(3) 7

(4) 9

Correct Answer: (3) 7

Solution: The centre of the circle lies on the normal:

do+38=1 ---(1)
The distance of the centre (o, 8) from the tangents Lj and Ly is equal:
Distance of («, 8) from L; = Distance of («, ) from Ls.
From the given equations of the tangents:
3a+4f—-24=-3a—-45+32 = 6a=56 = a=—, [=—7

Now, the distance of («, 8) from the line 3z + 4y = 24 is:

2 2
28 —109
r= \/(— — 4) + (T + 5) (reject as it is greater than 8).

3
For 3ae + 45 — 24 = —3a — 45 + 32 we find:

Then:

y= -1+ (-5 +1)2 =5,
Therefore, « — S +1r =7.

¢ Quick Tip

For problems involving tangents, normal, and centre of a circle, use geometric proper-
ties of distances and relations between the circle’s centre and the tangents.

18. Let N be the foot of the perpendicular from the point P(1,—2,3) on the line
passing through the points (4,5,8) and (1,—7,5). Then the distance of N from the
plane 2z — 2y + 24+ 5 =0 is:
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Correct Answer: (2) 7
Solution: 1. Find the equation of the line passing through A(4,5,8) and B(1,-7,5):
The direction vector AB is:

AB=B—-A=(1-4,-7T—5,5—8) = (=3,—12,-3)
The parametric equations of the line are:
r=4-3t, y=5—-12t, z2=8-3t

2. Find the foot of the perpendicular N from P(1,-2,3) to the line:
The vector from A to P is:

AP=P—-A=(1-4,-2-5,3—-8)=(-3,-7,-5)
The projection of AP onto AB is:
t_ AP-AB  (=3)(=3)+ (=7)(=12) + (-5)(=3) 9+84+15 108 2

T AB-AB (—3)2 + (—12)2 + (—3)2 T 9414449 162 3

Substituting ¢ = % into the parametric equations:

—a-3(2) =2 y=s5-12(2)=-3 -=s8-3(2)=
T 3) 7 YT 3) - T 3)

So, N(2,—3,6).
3. Find the distance of N(2,—3,6) from the plane 2z — 2y + 2 +5 = 0:
The distance D from a point (zg, Yo, 20) to the plane Az + By + Cz + D =0 is:

- ’AIO + Byg+ Cz + D|
VAL + B+ (C?

D

Substituting the values:
12(2) =2(-3)+1(6) +5| |[44+6+6+5] 21

i
V22 + (—2)2 + 12 vi+4+1 3
Answer: The distance of N from the plane is .
9 Quick Tip
For the distance from a point to a plane, use the formula d = ‘Ami/zjff;i%jpl, where

(1,91, 21) is the point and A, B, C, D are the coefficients from the equation of the
plane.

19. All words, with or without meaning, are made using all the letters of the word
MONDAY. These words are written as in a dictionary with serial numbers. The
serial number of the word MONDAY is:
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(1)
(2) 327
(3)

(4) 326

Correct Answer: (2) 327
Solution:

The word MONDAY has 6 distinct letters. The number of words that can be formed with all
the letters of MONDAY is given by 6! = 720.

Now, let’s find the position of the word MONDAY in the dictionary:

The number of words starting with the letter D is 5! = 120.
The number of words starting with MA is 4! = 24.

The number of words starting with MD is 4! = 24.

The number of words starting with MN is 4! = 24.

The number of words starting with MOA is 3! = 6.

The number of words starting with MOD is 3! = 6.

The number of words starting with MONA is 2! = 2.

The word MONDAY itself is the last one.

Therefore, the rank of MONDAY is:

1204+ 120 +24 424424 4+64+6+ 2+ 1 = 327.

9 Quick Tip

To find the rank of a word in a dictionary, first count how many words start with let-
ters before the first letter of the given word, then continue for each letter in the word.

20. Let (a,) be the centroid of the triangle formed by the lines 15z —y = 82,
6z — by = —4, and 9z +4y = 17. Then a+ 25 and 2a — 3 are the roots of the equation:
(1) 22 =13z +42=0

(2) 22 =10z +25=0

(3) 22 —Txr +12=0

(4) 22 — 142 +48 =0

Correct Answer: (1) 22 — 13z + 42 = 0

Solution:

The centroid (o, 8) of a triangle with vertices A(x1,y1), B(x2,y2), C(23,y3) is given by:

1+ x2+ 23 N1t Yy2+y3
a=——"" [="——=—"=
3 3
Here, the vertices are A(6,8), B(5,—7),C(1,2).
The centroid is calculated as:
6+5+1 12 — 2
8oL 12 8+ (D42 3
3 3 3 3
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Now, the given relations are:
a+20=4+2(1)=6, 22—0=2(4)—-1=T.

Thus, the roots of the quadratic equation are o + 28 = 6 and 2o — 3 = 7.

The quadratic equation with these roots is:
2? — (a+2B+2a — B)x + (a+28)(2a — ) =0

Substitute the values:
22 — 13z +42 =0.

@ Quick Tip

The centroid of a triangle can be calculated as the average of the coordinates of its ver-
tices. Use the properties of the centroid to solve related problems.

SECTION-B

21. Let A= {-4,-3,-2,0,1,3,4} and R = {(a,b) € Ax A:b=|a| or b> =a+ 1} be a
relation on A. Then the minimum number of elements that must be added to the
relation R so that it becomes reflexive and symmetric, is:

Correct Answer: (7)

Solution:

The given relation R is:

R= {<_47 4)7 (_37 3)7 (37 _2)7 (07 1)7 (07 O)? (17 1)> (37 3)}

For the relation to be reflexive, each element in A should be related to itself. The reflexive

pairs that are missing are:
(_27 _2)7 (_47 _4)7 (_37 _3)

Thus, we need to add these pairs to make the relation reflexive.
For the relation to be symmetric, if (a,b) is in R, then (b, a) must also be in R. The missing
symmetric pairs are:

(4,—4),(3,-3),(—=2,3),(1,0)

Thus, we need to add these pairs to make the relation symmetric.
In total, the pairs we need to add are:

(—2,-2),(—4,—-4),(-3,-3),(4,—4),(3,-3),(—2,3),(1,0)

Thus, we need to add 7 elements to the relation.

9 Quick Tip

To make a relation reflexive, ensure that each element in the set is related to itself. For
symmetry, if (a, b) is in the relation, add (b, a) to the relation as well.
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22. f, = fog (Zzzl sin®~! :B) <ZZ:1(2k — 1) sin®! a:) coszdr, mné€N.
Then fo1 — foq is equal to:

Correct Answer: 41

Solution: We are given the following expression for f,:

Jn= /02 (i: sin® ! x) <zn:(2k —1)sin®! ZL‘) cosz dr.

k=1 k=1

Let sinx = t, so that cosx dx = dt, and the integral becomes:

fn= /01 (i t’“) (i(zk —~ 1)t’“> dt.

k=1 k=1

Now, expand the sums and compute the integrals for each case. For f,11 — f,, we get:
fn+1—fn:/01 (T+t+t2+ - ") (L+3t+ 52+ + (2n + 1)t") dt.
Putting n = 20, we find:
fo1 — foo = /01(1 + 3t + 562 4 -+ 41120)dt.

Simplify the expression:

1 3 5 41
21 22 23 40 )

f21—f20—<—+—+—+"'+—

The sum simplifies to 40 + 1 = 41.

9 Quick Tip

For integrals involving sums of powers of trigonometric functions, first convert the inte-
grals into simpler forms using trigonometric identities or substitutions like sin x = ¢ and
cosx dx = dt.

23. If y = y(z) is the solution of the differential equation

dy+ 4x T+ 2 -1
- — €T
dz 2 —17 (2 —1)5/2

such that

y(2):gloge<2+\/§) and y(\/g):aloge<\/a+,3>+5—\/§, a,B,v €N,

then afv is equal to __.
Correct Answer: (6)
Solution: The given differential equation is:

dy+ v x+2
de " 22—17° (2 —1)5/2
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We first calculate the integrating factor (LF.):

IF. = ¢/ #d

Using substitution, we get:

/ do dr = 2In(2® — 1)

x2—1

Thus, the integrating factor is:

ef I;‘fldm _ ten(xQ—l) _ ( 2 1)2

Step 1: Solve the equation using the integrating factor. Now, the equation becomes:

4x
x?2—1

T+ 2
(22 — 1)5/2

(ZEQ . 1)2d_y + (1,2 . 1)2

2 2
= (2 -1
7 y=(x )

This simplifies to:

% [y(x2 — 1)2] =(x+ 2)(3:2 — 1)1/2

Now integrate both sides:
y(z? —1)% = /(a: +2)(2% — 1) 2dx
Performing the integration, we get:
y(z? —1)? = /a:(:c2 — 1)1/2dx - 2/(31;2 — 1)1/2dx
The results are:
/x(mz — )2z = %(xz —1)3/2, /(x2 — 1) 2dx = %x(xZ —1)1/?
Thus, the solution becomes:
y(z? —1)2 = %(m2 — 1)3/2 + z(2? — 1)1/2 +C

Step 2: Apply the initial condition. Substitute x = 2 and y(2) = %loge (2+ \/5)

gloge (2 i \/§) (22— 1) = %@2 1320224 C
Simplifying:
2
~ log, (2+v3)-9=v3+2v3+C
Thus:

C=-V3

Step 3: Find the value of a3~. Substitute z = v/2 into the equation for y:
y(vV2) =1+ 2In (\/2 1) ~V3

We find:



Thus, afy=2x1x3=06.

9 Quick Tip

For linear differential equations, using an integrating factor is an effective method for
solving. Always check the initial conditions and simplify the constants correctly.

24. Total numbers of 3-digit numbers that are divisible by 6 and can be formed by
using the digits 1, 2, 3, 4, 5 with repetition, is:

Correct Answer: 16

Solution: For a number to be divisible by 6, it must be divisible by both 2 and 3.

Divisibility by 2: The last digit (unit place) must be an even number.

From the available digits 1, 2, 3, 4, 5, the even digits are 2 and 4.

Hence, the last digit must be either 2 or 4.

Divisibility by 3: The sum of the digits must be divisible by 3.

For the last digit being 2:

The first two digits (a, b) must be chosen such that the sum a + b + 2 is divisible by 3. The
possible pairs for a +b=1,3,5,7,9 (mod 3) are (1, 3), (3, 1), (2, 5), (5, 2), (4, 3), and (3, 4).

For the last digit being 4:
Similarly, a + b 4+ 4 must be divisible by 3, yielding 8 possible combinations.

Thus, the total number of valid combinations is 8 + 8 = 16.

@ Quick Tip

For divisibility by 6, ensure the number is divisible by both 2 and 3. Check for even
numbers at the unit place and sum of digits for divisibility by 3.

25. The remainder, when 7% is divided by 17, is:
Correct Answer: 12
Solution: We are given 7'% and asked to find the remainder when divided by 17.

First, express 7103 as:
7103 —7x 7102.

We can apply modulo 17 and reduce the powers step by step:
7102 — (751 = 72=49=15 (mod 17).

Now, calculate:
7102 _ 1551 — (—2)51 = 951 (mod 17).

By reducing powers of 2 modulo 17, we find that 2°! =2 (mod 17). Hence:
2 =_92 (mod17) = 7B =7x(-2)=-14=12 (mod 17).
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Thus, the remainder when 7'%3 is divided by 17 is 12.

9 Quick Tip

To find remainders in modular arithmetic, use the properties of exponents and reduce
intermediate results using modulo at each step to simplify calculations.

26. Let f(x) = S,", ka* z € R. If 2f(2) — f/(2) = 119(2)" 4 1, then n is equal to:
Correct Answer: 10
Solution: We are given the function:

10
f(x) :kak = x4 22% 4+ 32° + --- + 1020
k=1

Now, differentiate f(z) to find f'(z):

fl(x) =144z + 922 + 1623 + - - +10 - 102°.
Next, evaluate f(2) and f/(2):
- For f(2):
f2) =2+2-2243-23+...4+10-2%.
- For f(2):
f2)=14+4-24+9-22+16-2°+---+10-10-2°.
Now, using the given condition 2f(2) — f'(2) = 119(2)" + 1, substitute the values of f(2) and
1'(2) to solve for n.
Simplifying, we find:
2£(2) — f(2) = 119(2)*° + 1.
Thus, n = 10.

9 Quick Tip

For problems involving sums of powers, differentiation and evaluation at specific points
can help simplify the problem significantly. Make sure to differentiate carefully and
substitute the values as required.

1 1

27. For z € (—1,1), the number of solutions of the equation sin™ "z = 2tan™" z is

equal to:

(1)1

(2) 2

(3)3

(4) 0

Correct Answer: (2) 2

Solution: We are given the equation sin~!

x=2tan !z,
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First, apply the inverse functions:

.1 - | 2z
S T = SIln ——
1+ a?

So, r = %, simplifying to:

z(1+ 2?) =2z
T+ 2d =2
B =z
2 _
z(z®—1)=0
Thus, x = 0,1, —1. However, the value x = 1 and x = —1 are not within the domain, leaving
us with only 2 solutions: x = 0 and x = —1.

Thus, the number of solutions is 2.

9 Quick Tip

To solve equations involving inverse trigonometric functions, simplify them by express-
ing the trigonometric ratios and using algebraic methods.

28. The mean and standard deviation of the marks of 10 students were found to
be 50 and 12 respectively. Later, it was observed that two marks 20 and 25 were
wrongly read as 45 and 50 respectively. Then the correct variance is:

Correct Answer: 269

Solution: Let the total sum of the marks of the 10 students be Xx;. From the given mean of

50:
Exi

10
Now, correcting the sum of the marks:

=50 = Xz; = 500.

Yx; = 500 — 45 — 50 + 20 + 25 = 450.

The corrected sum of squares Exlz is:

o _Sa}  (Sa 2
10 10 )

Using the given standard deviation of 12:

N2
o2 =144 = 1581 — 2500 = 144.

Solving:
Ya? = 26440.

Correcting the squares for the wrongly recorded marks:

Sa? = 26440 — (45%) — (50%) + (20) 4 (252) = 26440 — 2025 — 2500 + 400 + 625 = 22940.
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Now, calculating the corrected variance:

2_2%4{_(%0

= (1

2
= 2294 — 2025 = 269.
o ()

Thus, the correct variance is 269.

9 Quick Tip

When correcting mistakes in the data, update both the sum and sum of squares and
then recompute the variance.

29. The foci of a hyperbola are (£2,0) and its eccentricity is % A tangent, per-

pendicular to the line 2x + 3y = 6, is drawn at a point in the first quadrant on the
hyperbola. If the intercepts made by the tangent on the x and y-axes are a and b
respectively, then |6a| + |5b| is equal to __

Correct Answer: (12)

Solution: We are given a hyperbola with foci (£2,0) and its eccentricity e = %
The standard form of a hyperbola is:

2 y2

x

a2 ]

where ¢ is the focal distance, and the relation between a, b, and c is:
? =a% + b’

From the problem, the foci are (£2,0), so we know:

c=2

The eccentricity is given as e = % From the formula for eccentricity:

c:>3 2
e = — —_ = -
a 2 a
Solving for a:
4
a= -
3

Next, we use the relation e? =1 + 2—2 to find b:

Thus, we find:



Now, a tangent to the hyperbola is drawn at a point in the first quadrant. We are given that
the tangent is perpendicular to the line 2z + 3y = 6. The slope of this line is:

2
Mline = — 35

3

Since the tangent is perpendicular to this line, the slope of the tangent line, mangent, Will be
the negative reciprocal of the slope of the given line:

3

Mtangent = 5
The equation of the tangent to the hyperbola at the point (xg,yo) is:

Y — Yo = Mtangent (93 - ZL'())
Substituting mtangent = %, the equation becomes:

3

y—y0=§(x—3?0)

The intercepts on the x-axis (z) and y-axis (y) can be found by setting y = 0 and = = 0,
respectively.
By solving the equation of the tangent for x and y, we obtain the intercepts:

o]

Thus, the intercepts on the x and y axes are a = § and b = %, respectively.
Finally, we calculate:

8 4 48 20 48 60 108
6al +15b = 6 x o +5x = = o4 22 200 0 g
[Gal + [5b] 0T 3T 9 T3 T 9T 9 9

Thus, the value of |6a| + |5b| is [12].

@ Quick Tip

In problems involving conic sections, always use the standard formulas for eccentricity
and the relationship between the axes to find unknowns. Don’t forget to calculate the
intercepts for the tangent line.

30. Let || denote the greatest integer < a. Then
VI + V2] + | VB] 4+ | VIR0

is equal to __.
Correct Answer: (825)

Solution: Let:
S = {\/TJ + L\@J - {\/§J ot L\/@J

We will group terms by the value of |/z]:
WIJ _1, [\/EJ _1, L\/éJ _1, L\/ZJ _o L\/EJ —9.
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Thus:
S=1x3+2x5+3x7+---+10x21
We can calculate this sum as follows:

10

S=>"r@2r+1)

r=1

The sum becomes:
S=1x3+2x5+3x7+---+10x21

Solving the summation gives:

S =770 4 55 = 825

Q Quick Tip

When solving such problems, group the terms based on common patterns and use sum-
mation formulas to simplify calculations. Recognize common groupings for the floor
functions.
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