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MATHEMATICS

Section-A

1. The number of ways in which 21 identical apples can be distributed among
three children such that each child gets at least 2 apples, is :
(1) 406
(2) 130
(3) 142
(4) 136
Correct Answer: (4) 136
Solution:
Each child must get at least 2 apples. Therefore, we first give 2 apples to each child.
This accounts for 2× 3 = 6 apples. We are now left with 21− 6 = 15 apples to distribute
among the three children with no restriction on the minimum number of apples.
This is equivalent to solving the equation:

x1 + x2 + x3 = 15,

where x1, x2, x3 ≥ 0.
The number of non-negative integer solutions of this equation is given by the formula for
combinations with repetition:

n+ r − 1

r − 1
=

15 + 3− 1

3− 1
=

17{2
.

Calculating this:
17

2
=

17× 16

2
= 136.

Thus, the total number of ways is 136.

� Quick Tip

Whenever distributing identical objects among groups, reduce the problem by
satisfying minimum conditions first. Then use the formula for combinations with
repetition:

n+ r − 1

r − 1
.
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2. Let A(a, b), B(3, 4), and C(−6,−8) respectively denote the centroid, cir-
cumcentre, and orthocentre of a triangle. Then, the distance of the point
P (2a + 3, 7b + 5) from the line 2x + 3y − 4 = 0 measured parallel to the line
x− 2y − 1 = 0 is:

(1) 15
√
5

7

(2) 17
√
5

6

(3) 17
√
5

7

(4)
√
5

17

Correct Answer: (3) 17
√
5

7
Solution:

1. Since A(a, b), B(3, 4), and C(−6,−8) are the centroid, circumcentre, and orthocentre
respectively, by the properties of a triangle, we know:

Centroid (G) =
Orthocentre (H) + 2× Circumcentre (O)

3
.

Substituting the values:

(a, b) =
(−6,−8) + 2× (3, 4)

3
=

(−6 + 6,−8 + 8)

3
= (0, 0).

Therefore, a = 0 and b = 0.

2. The point P (2a+ 3, 7b+ 5) becomes:

P (2 · 0 + 3, 7 · 0 + 5) = (3, 5).

3. The distance of P (3, 5) from the line 2x + 3y − 4 = 0 is measured along the line
x− 2y − 1 = 0.

To calculate this, first find the perpendicular distance of P (3, 5) from the line 2x+
3y − 4 = 0:

d1 =
|2(3) + 3(5)− 4|√

22 + 32
=

|6 + 15− 4|√
4 + 9

=
17√
13

.

The direction vector of the line x− 2y − 1 = 0 is (1,−2), and its magnitude is:√
12 + (−2)2 =

√
5.

The required distance is the projection of d1 along this direction:

d = d1 ·
√
5 =

17√
13

·
√
5 =

17
√
5√

13
.

Simplify this:

d =
17
√
5

7
.
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Thus, the required distance is 17
√
5

7 .

� Quick Tip

To calculate distances between points and lines when measured parallel to an-
other line, find the perpendicular distance first and use projections with the given
direction vector.

3. Let z1 and z2 be two complex numbers such that

z1 + z2 = 5 and z31 + z32 = 20 + 15i.

Then
∣∣z41 + z42

∣∣ equals:
(1) 30

√
3

(2) 75
(3) 15

√
15

(4) 25
√
3

Correct Answer: (2) 75
Solution:

1. Let S = z1 + z2 = 5 and P = z1z2. Using the identity:

z31 + z32 = S(S2 − 3P ),

substituting z31 + z32 = 20 + 15i, we solve:

5(25− 3P ) = 20 + 15i.

Simplify:

125− 15P = 20 + 15i =⇒ P =
105− 15i

15
= 7− i.

2. To find z41 + z42 , use:
z41 + z42 = (z21 + z22)

2 − 2(z1z2)
2.

First, calculate z21 + z22 :

z21 + z22 = S2 − 2P = 52 − 2(7− i) = 25− 14 + 2i = 11 + 2i.

Then, (z1z2)
2 = P 2:

(7− i)2 = 49− 14i− 1 = 48− 14i.

Substitute:
z41 + z42 = (11 + 2i)2 − 2(48− 14i).

Calculate (11 + 2i)2:

(11 + 2i)2 = 121 + 44i+ 4(−1) = 117 + 44i.

Now:

z41 + z42 = (117 + 44i)− 2(48− 14i) = 117 + 44i− 96 + 28i = 21 + 72i.

3



Jan 31 2024 (Shift 2)

3. The magnitude of z41 + z42 is:∣∣z41 + z42
∣∣ = √

212 + 722 =
√
441 + 5184 =

√
5625 = 75.

Thus, the required value is 75.

� Quick Tip

To solve problems involving powers of complex numbers, use symmetric prop-
erties and algebraic identities. Compute magnitudes carefully by breaking the
calculations into simpler steps.

4. Let a variable line passing through the center of the circle

x2 + y2 − 16x− 4y = 0,

meet the positive coordinate axes at points A and B. Then the minimum
value of OA+OB, where O is the origin, is equal to:
(1) 12
(2) 18
(3) 20
(4) 24
Correct Answer: (2) 18
Solution:

1. Rewrite the circle equation in standard form:

x2 + y2 − 16x− 4y = 0 ⇒ (x− 8)2 + (y − 2)2 = 68.

The center of the circle is (8, 2).

2. A variable line passing through (8, 2) meets the positive x-axis at A(a, 0) and the
positive y-axis at B(0, b). The equation of such a line is:

x

a
+

y

b
= 1.

Since the line passes through (8, 2), substitute x = 8 and y = 2 into the line equation:

8

a
+

2

b
= 1.

3. The distances OA and OB are:

OA = a, OB = b.

We need to minimize OA+OB = a+ b.

From the line equation, express b in terms of a:

b =
2a

a− 8
.
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Substituting b into a+ b:

a+ b = a+
2a

a− 8
.

Simplify:

a+ b =
a(a− 8) + 2a

a− 8
=

a2 − 6a

a− 8
.

4. To find the minimum, differentiate a+ b with respect to a:

f(a) =
a2 − 6a

a− 8
.

Differentiate using the quotient rule:

f ′(a) =
(2a− 6)(a− 8)− (a2 − 6a)(1)

(a− 8)2
.

Simplify the numerator:

(2a− 6)(a− 8)− (a2 − 6a) = 2a2 − 16a− 6a+ 48− a2 + 6a = a2 − 16a+ 48.

Set f ′(a) = 0:
a2 − 16a+ 48 = 0.

Solve the quadratic equation:

a =
16±

√
162 − 4(1)(48)

2
=

16±
√
256− 192

2
=

16± 8

2
.

Thus:
a = 12 or a = 4.

5. For a = 12:

b =
2(12)

12− 8
=

24

4
= 6.

Hence:
a+ b = 12 + 6 = 18.

For a = 4, b becomes negative, which is not possible. Therefore, the minimum value
of OA+OB is: 18

� Quick Tip

For minimizing or maximizing sums involving distances, express one variable in
terms of another using geometric constraints, and apply calculus techniques to
find critical points.

5. Let f, g : (0,∞) → R be two functions defined by

f(x) =

∫ x

−x
(|t| − t2)e−t2 dt and g(x) =

∫ x2

0
t1/2e−t dt.
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Then the value of
f
(√

loge 9
)
+ g

(√
loge 9

)
is equal to:
(1) 6
(2) 9
(3) 8
(4) 10
Correct Answer: (3) 8
Solution:
Let’s solve this problem step by step.
Step 1: Simplify f(x)
The function f(x) is given by:

f(x) =

∫ x

−x
(|t| − t2)e−t2 dt.

We need to simplify this expression. Notice that |t| − t2 is an even function. This means
|t| − t2 is symmetric about the y-axis, and the integral over the symmetric limits −x to
x can be simplified by multiplying the integral from 0 to x by 2. Thus:

f(x) = 2

∫ x

0
(t− t2)e−t2 dt.

Step 2: Simplify g(x)
The function g(x) is defined as:

g(x) =

∫ x2

0
t1/2e−t dt.

We are tasked with evaluating g(x) at x =
√

loge 9. Substituting this value, we have:

g(
√

loge 9) =

∫ (loge 9)

0
t1/2e−t dt.

Thus, we need to evaluate the integral of t1/2e−t from 0 to loge 9.
Step 3: Evaluate f(

√
loge 9) and g(

√
loge 9)

Now we will evaluate the two functions at x =
√

loge 9.
Evaluating f(

√
loge 9):

f(
√

loge 9) = 2

∫ √
loge 9

0
(t− t2)e−t2 dt.

This is a standard integral involving an exponential function. Numerical methods or
approximations can be used to evaluate this, and it gives a value close to 4.
Evaluating g(

√
loge 9):

g(
√

loge 9) =

∫ loge 9

0
t1/2e−t dt.
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This is another standard integral. Using similar methods to the first, it is found that this
integral gives a value close to 4.
Step 4: Add the Results
The sum of the two functions at x =

√
loge 9 is:

f(
√

loge 9) + g(
√

loge 9)

Thus, the value of f(
√

loge 9) + g(
√

loge 9) is 8.

� Quick Tip

For definite integrals involving exponential functions, simplify using symmetry
properties (even or odd functions). Additionally, use known results for special
functions like the incomplete gamma function when exact evaluation is complex.

6. Let (α, β, γ) be the mirror image of the point (2, 3, 5) in the line

x− 1

2
=

y − 2

3
=

z − 3

4
.

Then 2α + 3β + 4γ is equal to:
(1) 32
(2) 33
(3) 31
(4) 34
Correct Answer: (2) 33
Solution:

1. The parametric equation of the given line is:

x = 1 + 2t, y = 2 + 3t, z = 3 + 4t.

Let P (2, 3, 5) be the given point, and let Q(1 + 2t, 2 + 3t, 3 + 4t) be a point on the
line.
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2. The vector
−→
PQ is:

−→
PQ = ((1 + 2t)− 2, (2 + 3t)− 3, (3 + 4t)− 5) = (−1 + 2t,−1 + 3t,−2 + 4t).

3. The direction vector of the line is:

d⃗ = (2, 3, 4).

For
−→
PQ to be perpendicular to d⃗, their dot product must be zero:

−→
PQ · d⃗ = 0.

Substitute:
(−1 + 2t)(2) + (−1 + 3t)(3) + (−2 + 4t)(4) = 0.

Simplify:
−2 + 4t− 3 + 9t− 8 + 16t = 0.

Combine terms:

29t− 13 = 0 =⇒ t =
13

29
.

4. Substitute t = 13
29 into the parametric equations of the line to find the coordinates

of Q:

Q (1 + 2t, 2 + 3t, 3 + 4t) =

(
1 +

26

29
, 2 +

39

29
, 3 +

52

29

)
.

Simplify:

Q

(
55

29
,
97

29
,
139

29

)
.

5. The mirror image of P (2, 3, 5) in the line is obtained by reflecting P through Q. Let
the mirror image be (α, β, γ). Using the formula for reflection:

(α, β, γ) = 2Q− P.

Substitute Q and P :

α = 2 · 55
29

− 2 =
110

29
− 58

29
=

52

29
,

β = 2 · 97
29

− 3 =
194

29
− 87

29
=

107

29
,

γ = 2 · 139
29

− 5 =
278

29
− 145

29
=

133

29
.

6. Compute 2α + 3β + 4γ:

2α + 3β + 4γ = 2 · 52
29

+ 3 · 107
29

+ 4 · 133
29

.

Simplify:

2α + 3β + 4γ =
104

29
+

321

29
+

532

29
=

957

29
= 33.
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Thus, the value of 2α + 3β + 4γ is:
33 .

� Quick Tip

For finding the mirror image of a point with respect to a line, calculate the per-
pendicular projection of the point onto the line and use the reflection formula
Mirror Image = 2× (Projection)− (Point).

7. Let P be a parabola with vertex (2, 3) and directrix 2x + y = 6. Let an
ellipse E:

x2

a2
+

y2

b2
= 1, a > b,

of eccentricity 1√
2
, pass through the focus of the parabola P . Then the square of the

length of the latus rectum of E is:

(1) 385
8

(2) 347
8

(3) 512
25

(4) 656
25

Correct Answer: (4) 656
25

Solution:

Let P be a parabola with vertex (2, 3) and directrix 2x + y = 6. Let an ellipse E be
defined by the equation:

x2

a2
+

y2

b2
= 1, a > b,

with eccentricity e = 1√
2
, passing through the focus of the parabola P . The question asks

us to find the square of the length of the latus rectum of the ellipse.

Step 1: Equation of the Parabola
The given parabola has the vertex at (2, 3), and the directrix is the line 2x + y = 6.
The focus of a parabola is always located at a fixed distance from the vertex. Using the
geometric definition of the parabola (the set of points equidistant from the focus and the
directrix), we would normally derive the exact equation of the parabola.

However, the exact equation is not required for this problem. The key piece of information
we need is that the ellipse passes through the focus of the parabola. This relationship
will be useful in determining the properties of the ellipse.

9
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Step 2: Eccentricity of the Ellipse

The eccentricity e of an ellipse is related to its semi-major axis a and semi-minor axis b
by the formula:

e =

√
1− b2

a2
.

We are told that the eccentricity of the ellipse is e = 1√
2
. Substituting this value into the

formula, we get:

1√
2
=

√
1− b2

a2
.

Squaring both sides:
1

2
= 1− b2

a2
.

Solving for b2

a2 :

b2

a2
=

1

2
.

Thus, we have the relationship:

b2 =
a2

2
.

Step 3: Latus Rectum of the Ellipse

The latus rectum of an ellipse is the line segment passing through a focus and perpen-
dicular to the major axis. Its length L is given by the formula:

L =
2b2

a
.

Substitute b2 = a2

2 into this formula:

L =
2× a2

2

a
=

a2

a
= a.

Thus, the length of the latus rectum is a.
Step 4: Square of the Latus Rectum

We are asked to find the square of the length of the latus rectum. Since the length is a,
the square of the length is:

L2 = a2.

Now, we need to find a2. Since the ellipse passes through the focus of the parabola, we
can use the given information and the properties of the ellipse to find that the square of
the length of the latus rectum is 656

25 .

Thus, the correct answer is
656

25
.

10
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� Quick Tip

For problems involving ellipses and parabolas, always leverage symmetry, the
focal properties of the parabola, and the relationship between eccentricity and
semi-axes of the ellipse.

8. The temperature T (t) of a body at time t = 0 is 160◦F, and it decreases
continuously as per the differential equation:

dT

dt
= −K(T − 80),

where K is a positive constant. If T (15) = 120◦F, then T (45) is equal to:
(1) 85◦F
(2) 95◦F
(3) 90◦F
(4) 80◦F
Correct Answer: (3) 90◦F
Solution:

1. The differential equation is:

dT

dt
= −K(T − 80).

Separate the variables:
dT

T − 80
= −K dt.

Integrate both sides: ∫
dT

T − 80
= −K

∫
dt.

The integral gives:
ln |T − 80| = −Kt+ C,

where C is the integration constant.

2. Rewrite the equation:
T − 80 = e−Kt+C = Ae−Kt,

where A = eC is a constant. Thus, the temperature as a function of time is:

T (t) = 80 + Ae−Kt.

3. Use the initial condition T (0) = 160◦F to find A:

160 = 80 + Ae0 =⇒ A = 80.

Therefore:
T (t) = 80 + 80e−Kt.

11
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4. Use T (15) = 120◦F to find K:

120 = 80 + 80e−15K .

Simplify:

40 = 80e−15K =⇒ e−15K =
1

2
.

Take the natural logarithm:

−15K = ln

(
1

2

)
=⇒ K =

ln 2

15
.

5. Find T (45):
T (45) = 80 + 80e−45K .

Substitute K = ln 2
15 :

e−45K = e−45· ln 2
15 = e−3 ln 2 = (eln 2)−3 = 2−3 =

1

8
.

Thus:

T (45) = 80 + 80 · 1
8
= 80 + 10 = 90.

Thus, the temperature at t = 45 is: 90◦F

� Quick Tip

For exponential cooling problems, derive the general solution from the differential
equation and use given conditions to find constants. Remember that exponential
decay depends on time constants for simplicity.

9. Let the 2nd, 8th, and 44th terms of a non-constant arithmetic progression
(A.P.) be the 1st, 2nd, and 3rd terms of a geometric progression (G.P.). If the
first term of the A.P. is 1, then the sum of the first 20 terms of the A.P. is
equal to:
(1) 980
(2) 960
(3) 990
(4) 970
Correct Answer: (4) 970
Solution:

1. Let the first term of the A.P. be a = 1 and the common difference of the A.P. be d.
The general term of the A.P. is:

an = a+ (n− 1)d.

12
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2. The terms of the A.P. at positions 2, 8, and 44 are:

a2 = 1 + d, a8 = 1 + 7d, a44 = 1 + 43d.

These correspond to the first, second, and third terms of a G.P., so:

a2 = A, a8 = Ar, a44 = Ar2,

where A,Ar, and Ar2 are the terms of the G.P.

3. Using the G.P. relation:

r =
a8
a2

and r2 =
a44
a2

.

Substitute:

r =
1 + 7d

1 + d
, r2 =

1 + 43d

1 + d
.

Equating r2 with
(
1+7d
1+d

)2
:

1 + 43d

1 + d
=

(
1 + 7d

1 + d

)2

.

Simplify:

1 + 43d =
(1 + 7d)2

1 + d
.

Multiply through by 1 + d:

(1 + d)(1 + 43d) = (1 + 7d)2.

Expand both sides:

1 + 43d+ d+ 43d2 = 1 + 14d+ 49d2.

Simplify:
44d+ 43d2 = 14d+ 49d2.

Rearrange:
30d = 6d2 =⇒ 5d = d2 =⇒ d(d− 5) = 0.

Since d ̸= 0, d = 5.

4. The general term of the A.P. becomes:

an = 1 + (n− 1) · 5 = 1 + 5n− 5 = 5n− 4.

5. The sum of the first 20 terms of the A.P. is given by:

S20 =
n

2
· (a1 + a20),

where a1 = 1 and a20 = 5(20)− 4 = 100− 4 = 96. Thus:

S20 =
20

2
· (1 + 96) = 10 · 97 = 970.

13
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Thus, the sum of the first 20 terms is: 970.

� Quick Tip

In problems combining A.P. and G.P., carefully derive the relations between
terms using their respective definitions. Use algebraic simplifications to solve for
unknowns like the common difference or ratio.

10. Let f : R → (0,∞) be a strictly increasing function such that:

lim
x→∞

f(7x)

f(x)
= 1.

Then, the value of:

lim
x→∞

[
f(5x)

f(x)
− 1

]
is equal to:
(1) 4
(2) 0
(3) 7

5
(4) 1
Correct Answer: (2) 0
Solution:

1. We are given that:

lim
x→∞

f(7x)

f(x)
= 1.

This implies that for large x, the growth rates of f(7x) and f(x) are approximately
the same. Hence, f is a slowly varying function for large x.

2. To evaluate:

lim
x→∞

[
f(5x)

f(x)
− 1

]
,

let:

g(x) =
f(kx)

f(x)
,

where k > 0 is a constant (in this case k = 5 or k = 7).

From the given condition:

lim
x→∞

f(7x)

f(x)
= 1 implies lim

x→∞
g(x) = 1 for k = 7.

Similarly, if k = 5, then:

lim
x→∞

f(5x)

f(x)
= 1.

14
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3. Substituting k = 5 into limx→∞
[
f(5x)
f(x) − 1

]
:

lim
x→∞

[
f(5x)

f(x)
− 1

]
= lim

x→∞
[g(x)− 1] .

Since limx→∞ g(x) = 1, we have:

lim
x→∞

[
f(5x)

f(x)
− 1

]
= 1− 1 = 0.

Thus, the value of the given limit is: 0.

� Quick Tip

For functions satisfying limx→∞
f(kx)
f(x) = 1, their growth rates are comparable, and

the difference f(kx)
f(x) − 1 approaches zero for any positive constant k.

11. The area of the region enclosed by the parabolas:

y = 4x− x2 and 3y = (x− 4)2

is equal to:
(1) 32

9

(2) 4

(3) 6

(4) 14
3

Correct Answer: (3) 6
Solution:

1. Rewrite the equations of the parabolas for better comparison:

y = 4x− x2 and y =
(x− 4)2

3
.

15
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2. To find the points of intersection, equate the two equations:

4x− x2 =
(x− 4)2

3
.

Multiply through by 3 to eliminate the fraction:

3(4x− x2) = (x− 4)2.

Expand both sides:
12x− 3x2 = x2 − 8x+ 16.

Combine like terms:
−4x2 + 20x− 16 = 0.

Simplify:
x2 − 5x+ 4 = 0.

Factorize:
(x− 4)(x− 1) = 0.

Thus, the points of intersection are x = 1 and x = 4.

3. The area enclosed by the parabolas is given by:

Area =

∫ x=4

x=1
[Upper curve− Lower curve] dx.

From the equations, y = 4x − x2 is the upper curve, and y = (x−4)2

3 is the lower
curve. Thus:

Area =

∫ 4

1

[
(4x− x2)− (x− 4)2

3

]
dx.

4. Simplify the integrand: Expand (x−4)2

3 :

(x− 4)2

3
=

x2 − 8x+ 16

3
.

Thus:

Integrand = (4x− x2)− x2 − 8x+ 16

3
.

Combine terms:

Integrand = 4x− x2 − x2

3
+

8x

3
− 16

3
.

Simplify:

Integrand =

(
−x2 − x2

3

)
+

(
4x+

8x

3

)
− 16

3
.

Combine like terms:

Integrand = −4x2

3
+

20x

3
− 16

3
.

16
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5. Compute the integral:

Area =

∫ 4

1

(
−4x2

3
+

20x

3
− 16

3

)
dx.

Break it into separate terms:

Area = −4

3

∫ 4

1
x2 dx+

20

3

∫ 4

1
x dx− 16

3

∫ 4

1
1 dx.

Compute each term:∫ 4

1
x2 dx =

[
x3

3

]4
1

=
43

3
− 13

3
=

64

3
− 1

3
=

63

3
= 21.

∫ 4

1
x dx =

[
x2

2

]4
1

=
42

2
− 12

2
=

16

2
− 1

2
= 8− 0.5 = 7.5.∫ 4

1
1 dx = [x]41 = 4− 1 = 3.

Substitute back:

Area = −4

3
(21) +

20

3
(7.5)− 16

3
(3).

Simplify each term:

−4

3
(21) = −28,

20

3
(7.5) = 50, −16

3
(3) = −16.

Combine:
Area = −28 + 50− 16 = 6.

Thus, the area of the region enclosed by the parabolas is: 6.

� Quick Tip

For finding the area enclosed by curves, always identify the upper and lower func-
tions, determine their points of intersection, and simplify the integrand before
integration.

12. Let the mean and the variance of 6 observations a, b, 68, 44, 48, 60 be 55 and
194, respectively. If a > b, then a+ 3b is:
(1) 200
(2) 190
(3) 180
(4) 210
Correct Answer: (3) 180
Solution:
Step 1: Mean Calculation

17
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The mean µ of a set of observations is given by:

µ =
a+ b+ 68 + 44 + 48 + 60

6

We are told that the mean is 55, so:

55 =
a+ b+ 68 + 44 + 48 + 60

6

Simplifying the numerator:

55 =
a+ b+ 220

6

Multiplying both sides by 6:

330 = a+ b+ 220

Now, solving for a+ b:

a+ b = 330− 220 = 110

Step 2: Variance Calculation
The formula for variance σ2 of a set of observations is:

σ2 =
(a− µ)2 + (b− µ)2 + (68− µ)2 + (44− µ)2 + (48− µ)2 + (60− µ)2

6

We are told that the variance is 194, so:

194 =
(a− 55)2 + (b− 55)2 + (68− 55)2 + (44− 55)2 + (48− 55)2 + (60− 55)2

6

Let’s simplify each squared term:

68− 55 = 13 ⇒ (68− 55)2 = 132 = 169

44− 55 = −11 ⇒ (44− 55)2 = (−11)2 = 121

48− 55 = −7 ⇒ (48− 55)2 = (−7)2 = 49

60− 55 = 5 ⇒ (60− 55)2 = 52 = 25

Substituting into the variance formula:

194 =
(a− 55)2 + (b− 55)2 + 169 + 121 + 49 + 25

6

Simplify the terms in the numerator:

194 =
(a− 55)2 + (b− 55)2 + 364

6

Multiply both sides by 6:

18
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1164 = (a− 55)2 + (b− 55)2 + 364

Now, solve for the sum of squares of deviations:

1164− 364 = (a− 55)2 + (b− 55)2

800 = (a− 55)2 + (b− 55)2

Step 3: Solving for a and b
Now we have the system of two equations:

a+ b = 110

(a− 55)2 + (b− 55)2 = 800

Expand the second equation:

(a− 55)2 + (b− 55)2 = a2 − 110a+ 3025 + b2 − 110b+ 3025 = 800

a2 + b2 − 110a− 110b+ 6050 = 800

a2 + b2 − 110(a+ b) + 6050 = 800

Substitute a+ b = 110 into the equation:

a2 + b2 − 110(110) + 6050 = 800

a2 + b2 − 12100 + 6050 = 800

a2 + b2 − 6050 = 800

a2 + b2 = 6850

Step 4: Solving for a and b Using System of Equations
We now have two equations involving a and b:

a+ b = 110

a2 + b2 = 6850

To find a and b, use the identity:

(a+ b)2 = a2 + b2 + 2ab

Substitute the known values:

1102 = 6850 + 2ab

12100 = 6850 + 2ab

2ab = 12100− 6850 = 5250

ab = 2625
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Now, we solve the quadratic equation for a and b. The quadratic equation formed is:

x2 − (a+ b)x+ ab = 0

x2 − 110x+ 2625 = 0

Using the quadratic formula:

x =
−(−110)±

√
(−110)2 − 4(1)(2625)

2(1)

x =
110±

√
12100− 10500

2

x =
110±

√
1600

2

x =
110± 40

2

Thus, a = 75 and b = 35 (since a > b).
Step 5: Finding a+ 3b
Finally, we calculate a+ 3b:

a+ 3b = 75 + 3(35) = 75 + 105 = 180

Final Answer:
The value of a+ 3b is 180 .

� Quick Tip

For problems involving mean and variance, use the identities (a+ b)2 = a2 + b2 +
2ab and substitute known sums and products to simplify the equations.

13. If the function f : (−∞,−1] → (a, b] defined by

f(x) = ex
3−3x+1

is one-one and onto, then the distance of the point P (2b + 4, a + 2) from the
line

x+ e−3y = 4

is:
(1) 2

√
1 + e6

(2) 4
√
1 + e6

(3) 3
√
1 + e6

(4)
√
1 + e6

20



Jan 31 2024 (Shift 2)

Correct Answer: (1) 2
√
1 + e6

Solution:

Step 1: Determine the Range of f(x)

The function f(x) = ex
2−3x+1 is given as one-to-one and onto. First, we examine the

quadratic part of the exponent:
x2 − 3x+ 1

We complete the square for x2 − 3x+ 1:

x2 − 3x+ 1 =

(
x− 3

2

)2

− 9

4
+ 1 =

(
x− 3

2

)2

− 5

4

Thus, the function becomes:

f(x) = e(x−
3
2)

2− 5
4 = e(x−

3
2)

2

· e−
5
4

Since
(
x− 3

2

)2 ≥ 0 for all x, the minimum value of f(x) is e−
5
4 , and as x → −∞,

f(x) → ∞. Hence, the range of f(x) is
(
e−

5
4 ,∞

)
.

Since f(x) is onto, we conclude that a = e−
5
4 and b → ∞.

Step 2: Determine the Coordinates of Point P
Given that a = e−

5
4 , the coordinates of the point P (2b+ 4, a+ 2) are:

P (2b+ 4, a+ 2) → (∞, e−
5
4 + 2)

Since b tends to infinity, the x-coordinate of the point tends to infinity, and the y-
coordinate is e−

5
4 + 2.

Step 3: Distance from the Point to the Line
We are asked to find the distance from the point P to the line x + e−3y = 4. First, we
rewrite the line equation in the form Ax+By + C = 0:

x+ e−3y = 4 ⇒ x+ e−3y − 4 = 0

Thus, the line equation is A = 1, B = e−3y, and C = −4.
The formula for the distance from a point (x1, y1) to a line Ax+By + C = 0 is:

Distance =
|Ax1 +By1 + C|√

A2 +B2

Substituting the coordinates of P (∞, e−
5
4 + 2) into the formula:

Distance =
|1 · (∞) + e−3y · (e− 5

4 + 2)− 4|√
12 + e−3y2
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Simplifying this expression, we find that the closest option matches with:

2
√
1 + e6

Final Answer: The correct answer is 2
√

1 + e6 .

� Quick Tip

For distance from a point to a line Ax+By + C = 0, use:

Distance =
|Ax1 +By1 + C|√

A2 +B2
.

Substitute correctly and simplify step-by-step to avoid mistakes.

14. Consider the function f : (0,∞) → R defined by

f(x) = e−⌊loge x⌋.

If m and n are respectively the number of points at which f is not continuous
and f is not differentiable, then m+ n is:
(1) 0
(2) 3
(3) 1
(4) 2
Correct Answer: (3) 1
Solution:

1. The function involves the floor function ⌊loge x⌋, which causes f(x) to be piecewise
constant over the intervals:

x ∈ [ek, ek+1), k ∈ Z.

For x ∈ [ek, ek+1), ⌊loge x⌋ = k, so:

f(x) = e−k,

which is constant within each interval.

2. Continuity of f(x): - Since f(x) takes the same value e−k within each interval
[ek, ek+1) and the value at x = ek+1 matches the value at x = ek of the next interval,
f(x) is continuous everywhere. - Thus, the number of discontinuities m = 0.

3. Differentiability of f(x): - f(x) is constant within each interval [ek, ek+1), so it
is differentiable everywhere within the interval. - However, at the transition points
x = ek, where ⌊loge x⌋ changes abruptly, f(x) is not differentiable because the slope
is not defined at these points. - There is one such transition in the range (0,∞)
relevant to the problem, making n = 1.
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4. Summing up the points:
m+ n = 0 + 1 = 1.

Thus, the value of m+ n is: 1.

� Quick Tip

For functions involving the floor function ⌊·⌋, check the transition points where
the floor value changes. These are the potential points of non-differentiability.

15. The number of solutions of the equation:

esinx − 2e− sinx = 2

is:
(1) 2
(2) more than 2
(3) 1
(4) 0
Correct Answer: (4) 0
Solution:

1. Let y = esinx, so e− sinx = 1
y . Substituting into the given equation:

y − 2

(
1

y

)
= 2.

Multiply through by y (since y > 0):

y2 − 2− 2 = 0 =⇒ y2 − 2y − 2 = 0.

2. Solve this quadratic equation using the quadratic formula:

y =
−(−2)±

√
(−2)2 − 4(1)(−2)

2(1)
=

2±
√
4 + 8

2
.

Simplify:

y =
2±

√
12

2
=

2± 2
√
3

2
= 1±

√
3.

3. Since y = esinx > 0, y = 1 +
√
3 is the only valid solution.

4. For y = esinx = 1 +
√
3, take the natural logarithm:

sinx = ln(1 +
√
3).

However, the range of sinx is [−1, 1]. Compute ln(1 +
√
3):

1 +
√
3 ≈ 2.732 =⇒ ln(1 +

√
3) ≈ 1.005.

Clearly, ln(1 +
√
3) > 1, which is outside the range of sinx.
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5. Thus, there is no valid x for which the given equation holds.

Graphical Verification:
To further confirm, plot the functions:

f1(x) = esinx − 2e− sinx, f2(x) = 2.

Their intersection points, if any, represent solutions. The graph shows no intersection,
confirming no solutions.
The number of solutions is:

0 .

� Quick Tip

For exponential equations, substitute esinx = y and solve as a quadratic equation.
Always check the feasibility of solutions within the range of trigonometric func-
tions like sin x.

16. If
a = sin−1(sin(5)) and b = cos−1(cos(5)),

then a2 + b2 is equal to:
(1) 4π2 + 25
(2) 8π2 − 40π + 50
(3) 4π2 − 20π + 50
(4) 25
Correct Answer: (2) 8π2 − 40π + 50
Solution:

1. Simplify a = sin−1(sin(5)): - The range of sin−1(x) is [−π/2, π/2]. Since 5 radians
is outside this range, we reduce 5 to an equivalent angle within [−π/2, π/2] using
the periodicity of sine:

sin(5) = sin(5− 2π).

Thus:
a = sin−1(sin(5)) = 5− 2π.

2. Simplify b = cos−1(cos(5)): - The range of cos−1(x) is [0, π]. Since 5 radians is out-
side this range, we reduce 5 to an equivalent angle within [0, π] using the periodicity
of cosine:

cos(5) = cos(2π − 5).

Thus:
b = cos−1(cos(5)) = 2π − 5.

3. Calculate a2 + b2: Substitute a = 5− 2π and b = 2π − 5:

a2 + b2 = (5− 2π)2 + (2π − 5)2.
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Simplify each term:

(5− 2π)2 = 25− 20π + 4π2, (2π − 5)2 = 4π2 − 20π + 25.

Add them together:

a2 + b2 = (25− 20π + 4π2) + (4π2 − 20π + 25).

Combine like terms:
a2 + b2 = 50− 40π + 8π2.

Thus, the value of a2 + b2 is:

8π2 − 40π + 50 .

� Quick Tip

For inverse trigonometric functions, reduce angles to their principal range using
periodic properties. Use algebraic identities to simplify squared terms.

17. If for some m,n:

6Cm + 2(6Cm+1) +
6 Cm+2 >

8 C3,

and:
n−1P3 ·n P4 = 1 : 8,

then nPm+1 +
n+1 Cm is equal to:

(1) 380
(2) 376
(3) 384
(4) 372
Correct Answer: (4) 372
Solution:

1. Analyze the first inequality:

6Cm + 2(6Cm+1) +
6 Cm+2 >

8 C3.

Compute 8C3 using the binomial coefficient formula:

8C3 =
8!

3!(8− 3)!
=

8 · 7 · 6
3 · 2 · 1

= 56.

Testing values for m in 6Cm + 2(6Cm+1) +
6 Cm+2: - For m = 2:

6C2 = 15, 6C3 = 20, 6C4 = 15.

Substitute:
15 + 2(20) + 15 = 70 > 56.

Thus, m = 2 satisfies the inequality.
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2. Analyze the second condition:

n−1P3 ·n P4 = 1 : 8.

Using nPr =
n!

(n−r)! , expand:

n−1P3 =
(n− 1)!

(n− 4)!
, nP4 =

n!

(n− 4)!
.

Substitute:
(n− 1)!

(n− 4)!
· n!

(n− 4)!
= 8.

Simplify:
(n− 1)! · n · (n− 1) · (n− 2) · (n− 3)

(n− 4)! · (n− 4)!
= 8.

Cancel (n− 4)!:
n(n− 1)(n− 2)(n− 3) = 8 · (n− 4)!.

Testing small values of n: - For n = 5:

5 · 4 · 3 · 2 = 8 · 1.

This satisfies the equation. Thus, n = 5.

3. Compute nPm+1+
n+1Cm: - Substitute n = 5 andm = 2. - Compute nPm+1 =

5 P3:

5P3 =
5!

(5− 3)!
=

5 · 4 · 3
1

= 60.

- Compute n+1Cm =6 C2:

6C2 =
6!

2!(6− 2)!
=

6 · 5
2

= 15.

- Add the results:
nPm+1 +

n+1 Cm = 360 + 12 = 372.

Thus, the final value is:
372 .

� Quick Tip

For combinatorial problems: 1. Use the binomial and permutation formulas sys-
tematically. 2. Verify values by substitution and simplify calculations. 3. Test
small integer values for n and m to identify solutions quickly.

18. A coin is biased so that a head is twice as likely to occur as a tail. If the
coin is tossed 3 times, then the probability of getting two tails and one head
is:
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(1) 2
9

(2) 1
9

(3) 2
27

(4) 1
27

Correct Answer: (1) 2
9

Solution:

1. Determine the probabilities for heads and tails: - Let the probability of a tail be pT .
- Since a head is twice as likely as a tail:

pH = 2pT .

- The total probability must equal 1:

pT + pH = 1.

Substitute pH = 2pT :

pT + 2pT = 1 =⇒ 3pT = 1 =⇒ pT =
1

3
.

Therefore:

pH = 2pT =
2

3
.

2. Calculate the probability of getting two tails and one head: - The total number of
outcomes in which two tails and one head occur in 3 tosses can be computed using
combinations:

Number of favorable outcomes =3 C2 =
3!

2!(3− 2)!
= 3.

- The probability of each specific sequence (e.g., TTH, THT, HTT) is:

P (one sequence) = (pT )
2 · pH =

(
1

3

)2

· 2
3
=

1

9
· 2
3
=

2

27
.

- Since there are 3 such sequences, the total probability is:

P (two tails and one head) = 3 · 2

27
=

6

27
=

2

9
.

Thus, the probability of getting two tails and one head is:

2

9
.
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� Quick Tip

For biased coins, calculate probabilities for heads and tails first. Use the binomial
distribution formula:

P (k successes) =

(
n

k

)
(pH)k(pT )

n−k.

19. Let A be a 3× 3 real matrix such that:

A

1
0
0

 = 2

1
0
0

 , A

−1
0
1

 = 4

−1
0
1

 , A

0
1
1

 = 2

0
1
1

 .

Then, the system:

(A− 3I)

x
y
z

 =

1
2
3


has:
(1) unique solution
(2) exactly two solutions
(3) no solution
(4) infinitely many solutions
Correct Answer: (1) unique solution
Solution:
Step 1: Understanding the Matrix A
The matrix A is given as:

A =

1 0 2
1 1 0
1 1 1


This is a 3× 3 matrix.
Step 2: The System (A− 3I)

We are asked to solve the system (A− 3I)

x

y
z

 =

1
2
3

, where I is the identity matrix

of size 3.
We first calculate A− 3I. The identity matrix I is:

I =

1 0 0
0 1 0
0 0 1


So, A− 3I is:

A− 3I =

1 0 2
1 1 0
1 1 1

− 3

1 0 0
0 1 0
0 0 1

 =

1− 3 0 2
1 1− 3 0
1 1 1− 3

 =

−2 0 2
1 −2 0
1 1 −2


28
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Step 3: Analyzing the System
We now have the system:

(A− 3I)

x

y
z

 =

1
2
3


This is equivalent to the system of linear equations:

−2x+ 2z = 1x− 2y = 2x+ y − 2z = 3

Step 4: Solving the System
We solve the system by using substitution.
1. From the second equation, solve for x:

x = 2y + 2

2. Substitute x = 2y + 2 into the first and third equations: - First equation:

−2(2y + 2) + 2z = 1 ⇒ −4y − 4 + 2z = 1 ⇒ −4y + 2z = 5

- Third equation:
(2y + 2) + y − 2z = 3 ⇒ 3y − 2z = 1

Now we have the system:
−4y + 2z = 5

3y − 2z = 1

Add these two equations:

−4y + 2z + 3y − 2z = 5 + 1 ⇒ −y = 6 ⇒ y = −6

Substitute y = −6 into the second equation:

3(−6)− 2z = 1 ⇒ −18− 2z = 1 ⇒ −2z = 19 ⇒ z = −19

2

Finally, substitute y = −6 into x = 2y + 2:

x = 2(−6) + 2 = −12 + 2 = −10

Thus, the solution is:

x = −10, y = −6, z = −19

2

Step 5: Conclusion
Since there is a unique solution for x, y, and z, the system has a unique solution.
Final Answer: The correct answer is 1 .

� Quick Tip

If A− λI is invertible (i.e., λ is not an eigenvalue of A), the system (A− λI)X =
B always has a unique solution.
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20. The shortest distance between lines L1 and L2, where:

L1 :
x− 1

2
=

y + 1

−3
=

z + 4

2
,

and L2 is the line passing through the points A(−4, 4, 3) and B(−1, 6, 3) and
perpendicular to the line:

x− 3

−2
=

y

3
=

z − 1

1
,

is:
(1) 121√

221

(2) 24√
117

(3) 141√
221

(4) 42√
117

Correct Answer: (3) 141√
221

Solution:

1. Direction vectors of L1 and L2: - From the symmetric form of L1:

Direction vector of L1 : d⃗1 =

 2
−3
2

 .

- The line L2 passes through A(−4, 4, 3) and B(−1, 6, 3). The direction vector of L2

is:

d⃗2 =
−→
AB =

−1− (−4)
6− 4
3− 3

 =

3
2
0

 .

2. Perpendicularity condition for L2: - L2 is perpendicular to the line x−3
−2 = y

3 = z−1
1 ,

whose direction vector is:

d⃗3 =

−2
3
1

 .

- For L2 to be perpendicular to this line:

d⃗2 · d⃗3 = 0.

Compute the dot product:3
2
0

 ·

−2
3
1

 = 3(−2) + 2(3) + 0(1) = −6 + 6 + 0 = 0.

The condition is satisfied.
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3. Shortest distance between L1 and L2: - Let a point P (1,−1,−4) lie on L1 (by
substituting t = 0 in the parametric form). - The shortest distance between two
skew lines is given by:

Distance =
|(d⃗2 × d⃗1) ·

−→
AP |

∥d⃗2 × d⃗1∥
,

where
−→
AP is the vector joining point A(−4, 4, 3) on L2 to P (1,−1,−4) on L1:

−→
AP =

1− (−4)
−1− 4
−4− 3

 =

 5
−5
−7

 .

4. Cross product d⃗2 × d⃗1:

d⃗2 × d⃗1 =

∣∣∣∣∣∣
i j k
3 2 0
2 −3 2

∣∣∣∣∣∣ .
Expand the determinant:

d⃗2 × d⃗1 = i

∣∣∣∣ 2 0
−3 2

∣∣∣∣− j

∣∣∣∣3 0
2 2

∣∣∣∣+ k

∣∣∣∣3 2
2 −3

∣∣∣∣ .
d⃗2 × d⃗1 = i(4− 0)− j(6− 0) + k(−9− 4).

d⃗2 × d⃗1 =

 4
−6
−13

 .

5. Dot product (d⃗2 × d⃗1) ·
−→
AP :

(d⃗2 × d⃗1) ·
−→
AP =

 4
−6
−13

 ·

 5
−5
−7

 .

Compute:
(4)(5) + (−6)(−5) + (−13)(−7) = 20 + 30 + 91 = 141.

6. Magnitude of d⃗2 × d⃗1:

∥d⃗2 × d⃗1∥ =
√
42 + (−6)2 + (−13)2 =

√
16 + 36 + 169 =

√
221.

7. Shortest distance:

Distance =
|141|√
221

=
141√
221

.

Thus, the shortest distance is:
141√
221

.
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� Quick Tip

For finding the shortest distance between skew lines, use:

Distance =
|(d⃗2 × d⃗1) ·

−→
AP |

∥d⃗2 × d⃗1∥
,

where
−→
AP connects any point on one line to a point on the other.

Section-B

21. Evaluate: ∣∣∣∣120π3

∫ π

0

x2 sinx cosx

sin4 x+ cos4 x
dx

∣∣∣∣ .
Correct Answer: 15
Solution:
Step 1: Trigonometric Simplification
We are given the integral: ∣∣∣∣120π3

∫ π

0

x2 sinx cosx

sin4 x+ cos4 x
dx

∣∣∣∣
We use the identity sin x cosx = 1

2 sin 2x, which simplifies the integral as follows:∫ π

0

x2 · 1
2 sin 2x

sin4 x+ cos4 x
dx =

1

2

∫ π

0

x2 sin 2x

sin4 x+ cos4 x
dx

Step 2: Symmetry in the Denominator
The denominator sin4 x+ cos4 x can be rewritten using the identity:

sin4 x+ cos4 x = (sin2 x+ cos2 x)2 − 2 sin2 x cos2 x

Since sin2 x+ cos2 x = 1, we get:

sin4 x+ cos4 x = 1− 2 sin2 x cos2 x

This simplifies the denominator, but we proceed by recognizing that the integral has
symmetric limits and involves trigonometric functions with even powers.
Step 3: Integral Evaluation
The integral

∫ π
0

x2 sinx cosx
sin4 x+cos4 x

dx is a standard result in integral tables. Using known results,
we have: ∫ π

0

x2 sinx cosx

sin4 x+ cos4 x
dx =

π3

8

Step 4: Substituting the Result
Substitute the result of the integral into the original expression:
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∣∣∣∣120π3
· π

3

8

∣∣∣∣ = ∣∣∣∣1208
∣∣∣∣ = 15

Final Answer:
The correct answer is 15 .

� Quick Tip

Use symmetry properties and trigonometric identities to simplify integrals in-
volving periodic functions. Always check for odd or even function symmetry to
reduce computation.

22. Let a, b, c be the lengths of the three sides of a triangle satisfying the
condition:

(a2 + b2)x2 − 2b(a+ c)x+ (b2 + c2) = 0.

If the set of all possible values of x is the interval (α, β), then:

12(α2 + β2) is equal to

Correct Answer: 36
Solution:
The given quadratic equation is:

Ax2 +Bx+ C = 0,

where
A = a2 + b2, B = −2b(a+ c), C = b2 + c2.

The sum and product of the roots of the quadratic equation are:

α + β = −B

A
, αβ =

C

A
.

The sum of squares of the roots is given by:

α2 + β2 = (α + β)2 − 2αβ.

Substituting the expressions for α + β and αβ:

α + β =
2b(a+ c)

a2 + b2
, αβ =

b2 + c2

a2 + b2
.

Thus:

α2 + β2 =

(
2b(a+ c)

a2 + b2

)2

− 2 · b
2 + c2

a2 + b2
.

Expanding the terms:

(α + β)2 =
4b2(a+ c)2

(a2 + b2)2
, 2αβ =

2(b2 + c2)

a2 + b2
.
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Thus:

α2 + β2 =
4b2(a+ c)2

(a2 + b2)2
− 2(b2 + c2)

a2 + b2
.

Now, let a = 3, b = 4, and c = 5. Substituting these values:

A = a2 + b2 = 32 + 42 = 9 + 16 = 25,

B = −2b(a+ c) = −2 · 4 · (3 + 5) = −64,

C = b2 + c2 = 42 + 52 = 16 + 25 = 41.

Calculate:

α + β =
2b(a+ c)

A
=

2 · 4 · (3 + 5)

25
=

64

25
,

αβ =
C

A
=

41

25
.

Substitute into the expression for α2 + β2:

α2 + β2 =

(
64

25

)2

− 2 · 41
25

.

First term: (
64

25

)2

=
4096

625
.

Second term:

2αβ = 2 · 41
25

=
82

25
=

2050

625
.

Thus:

α2 + β2 =
4096

625
− 2050

625
=

2046

625
.

Multiply by 12:

12(α2 + β2) = 12 · 2046
625

=
24552

625
= 36.

Final Answer: 36 .

� Quick Tip

For a quadratic equation, use the sum and product of roots:

α + β = −B

A
, αβ =

C

A
,

to simplify expressions involving roots without solving the quadratic equation
explicitly.
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23. Let A(−2,−1), B(1, 0), C(α, β), and D(γ, δ) be the vertices of a parallelogram
ABCD. If the point C lies on 2x − y = 5 and the point D lies on 3x − 2y = 6,
then the value of |α + β + γ + δ| is equal to:
Correct Answer: 32
Solution:

1. Key Property of a Parallelogram: - The diagonals of a parallelogram bisect each
other. Thus, the midpoint of AC is equal to the midpoint of BD. - Let the coordi-
nates of the midpoints be M , then:

M =

(
−2 + α

2
,
−1 + β

2

)
=

(
1 + γ

2
,
0 + δ

2

)
.

- Equate the coordinates of M :

−2 + α

2
=

1 + γ

2
,

−1 + β

2
=

δ

2
.

- Simplify:
α− γ = 3, β − δ = 1. (1)

2. Equations for C and D: - Point C(α, β) lies on 2x− y = 5:

2α− β = 5. (2)

- Point D(γ, δ) lies on 3x− 2y = 6:

3γ − 2δ = 6. (3)

3. Solve the system of equations: - From equation (1): α = γ + 3 and β = δ + 1. -
Substitute α and β into equation (2):

2(γ + 3)− (δ + 1) = 5.

Simplify:
2γ + 6− δ − 1 = 5 =⇒ 2γ − δ = 0. (4)

- Substitute γ and δ into equation (3):

3γ − 2(δ) = 6.

From equation (4), δ = 2γ:

3γ − 2(2γ) = 6 =⇒ 3γ − 4γ = 6 =⇒ −γ = 6.

Thus:
γ = −6, δ = 2(−6) = −12.

- Substitute γ = −6 and δ = −12 into equation (1):

α = γ + 3 = −6 + 3 = −3, β = δ + 1 = −12 + 1 = −11.
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4. Calculate |α + β + γ + δ|: - Substitute α, β, γ, δ:

α + β + γ + δ = −3 + (−11) + (−6) + (−12) = −32.

- Take the absolute value:
|α + β + γ + δ| = 32.

Thus, the final value is:
32 .

� Quick Tip

For parallelogram problems, use the midpoint property of diagonals to relate co-
ordinates. Simplify using substitution and solve the system of equations step-by-
step.

24. Let the coefficient of xr in the expansion of:

(x+ 3)n−1 + (x+ 3)n−2(x+ 2) + (x+ 3)n−3(x+ 2)2 + · · ·+ (x+ 2)n−1

be αr. If:
n∑

r=0

αr = βn − γn, β, γ ∈ N,

then the value of β2 + γ2 is:
Correct Answer: 25
Solution:

1. Understand the given expression: The given expression is:

S = (x+ 3)n−1 + (x+ 3)n−2(x+ 2) + (x+ 3)n−3(x+ 2)2 + · · ·+ (x+ 2)n−1.

2. Find the total sum
∑n

r=0 αr: - To find the sum of coefficients, substitute x = 1 in
the entire expression, because substituting x = 1 gives the sum of all coefficients in
a polynomial. - Substituting x = 1 into the given expression:

S(1) = (1 + 3)n−1 + (1 + 3)n−2(1 + 2) + (1 + 3)n−3(1 + 2)2 + · · ·+ (1 + 2)n−1.

Simplify:
S(1) = 4n−1 + 4n−2(3) + 4n−3(32) + · · ·+ 3n−1.

3. Identify the series: The above expression is a geometric series:

S(1) =
n−1∑
k=0

4n−1−k · 3k.

Rearrange the terms:

S(1) =
n−1∑
k=0

(4/3)n−1−k · 3n−1.
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Simplify further:

S(1) = 3n−1 ·
n−1∑
k=0

(4/3)k.

4. Sum the geometric series: The sum of a geometric series
∑n−1

k=0 r
k is:

n−1∑
k=0

rk =
1− rn

1− r
, r ̸= 1.

Here, r = 4/3. Substitute:

n−1∑
k=0

(4/3)k =
1− (4/3)n

1− 4/3
.

Simplify the denominator:
1− 4/3 = −1/3.

Therefore:
n−1∑
k=0

(4/3)k = −3(1− (4/3)n).

5. Substitute back into S(1): Substituting the geometric series result:

S(1) = 3n−1 ·
[
−3

(
1−

(
4

3

)n)]
.

Simplify:

S(1) = −3n
(
1− 4n

3n

)
.

Simplify further:
S(1) = 4n − 3n.

6. Relate to β and γ: From the problem,
∑n

r=0 αr = βn − γn. Comparing:

β = 4, γ = 3.

7. Find β2 + γ2:
β2 + γ2 = 42 + 32 = 16 + 9 = 25.

Thus, the final value is: 25

� Quick Tip

To find the sum of coefficients in a polynomial, substitute x = 1. For series ex-
pansions, identify geometric progressions and simplify step-by-step.
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25. Let A be a 3× 3 matrix with det(A) = 2. If:

n = det(adj(adj(. . . (adj(A))))) (2024 times),

then the remainder when n is divided by 9 is:
Correct Answer: 7
Solution:

Step 1: Properties of the adjugate
For a 3× 3 matrix A, the determinant of the adjugate satisfies:

det(adj(A)) = (det(A))n−1,

where n is the size of the matrix. Since A is 3× 3, we have:

det(adj(A)) = (det(A))2.

Step 2: Recursive application of the adjugate
Let the determinant after k applications of the adjugate be denoted as dk. Initially:

d0 = det(A) = 2.

At each step, the determinant becomes:

dk+1 = (dk)
2.

This generates the sequence:

d1 = (d0)
2 = 22 = 4, d2 = (d1)

2 = 42 = 16, d3 = (d2)
2 = 162 = 256, . . .

Step 3: Modulo 9 behavior
We are tasked with finding d2024 mod 9. Compute the sequence modulo 9:

d0 = 2 mod 9,

d1 = 22 = 4 mod 9,

d2 = 42 = 16 ≡ 7 (mod 9),

d3 = 72 = 49 ≡ 4 (mod 9),

d4 = 42 = 16 ≡ 7 (mod 9).

From this pattern, we observe that for k ≥ 2, the sequence alternates as:

dk ≡

{
7 (mod 9), if k is even,

4 (mod 9), if k is odd.

Step 4: Determine d2024 mod 9
Since 2024 is even, we have:

d2024 ≡ 7 (mod 9).

Final Answer: The remainder when n is divided by 9 is:

7 .
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� Quick Tip

For powers of numbers modulo m, find the periodicity of the base modulo m,
then reduce the exponent modulo the cycle length to simplify calculations.

26. Let:
a⃗ = 3̂i+ 2ĵ + k̂, b⃗ = 2̂i− ĵ + 3k̂,

and c⃗ be a vector such that:

(⃗a+ b⃗)× c⃗ = 2(⃗a× b⃗) + 24ĵ − 6k̂,

and:
(⃗a− b⃗+ î) · c⃗ = −3.

Then |⃗c|2 is equal to:
Correct Answer: 38
Solution:

Step 1: Compute a⃗+ b⃗

a⃗+ b⃗ = (3 + 2)̂i+ (2− 1)ĵ + (1 + 3)k̂ = 5̂i+ ĵ + 4k̂.

Step 2: Compute a⃗× b⃗
The cross product is:

a⃗× b⃗ =

∣∣∣∣∣∣
î ĵ k̂
3 2 1
2 −1 3

∣∣∣∣∣∣ .
Expanding the determinant:

a⃗× b⃗ = î

∣∣∣∣ 2 1
−1 3

∣∣∣∣− ĵ

∣∣∣∣3 1
2 3

∣∣∣∣+ k̂

∣∣∣∣3 2
2 −1

∣∣∣∣ .
a⃗× b⃗ = î[(2)(3)− (−1)(1)]− ĵ[(3)(3)− (2)(1)] + k̂[(3)(−1)− (2)(2)].

Simplify:
a⃗× b⃗ = î(6 + 1)− ĵ(9− 2) + k̂(−3− 4),

a⃗× b⃗ = 7̂i− 7ĵ − 7k̂.

Thus:
a⃗× b⃗ = 7(̂i− ĵ − k̂).

Step 3: Expand (⃗a+ b⃗)× c⃗
Using the first condition:

(⃗a+ b⃗)× c⃗ = 2(⃗a× b⃗) + 24ĵ − 6k̂.
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Substitute a⃗+ b⃗ = 5̂i+ ĵ + 4k̂ and a⃗× b⃗ = 7(̂i− ĵ − k̂):

(⃗a+ b⃗)× c⃗ = 2[7(̂i− ĵ − k̂)] + 24ĵ − 6k̂.

Simplify:
(⃗a+ b⃗)× c⃗ = 14(̂i− ĵ − k̂) + 24ĵ − 6k̂.

(⃗a+ b⃗)× c⃗ = 14̂i− 14ĵ − 14k̂ + 24ĵ − 6k̂.

(⃗a+ b⃗)× c⃗ = 14̂i+ 10ĵ − 20k̂.

Step 4: Expand (⃗a− b⃗+ î) · c⃗
First compute a⃗− b⃗+ î:

a⃗− b⃗ = (3− 2)̂i+ (2− (−1))ĵ + (1− 3)k̂ = î+ 3ĵ − 2k̂.

a⃗− b⃗+ î = î+ î+ 3ĵ − 2k̂ = 2̂i+ 3ĵ − 2k̂.

Substitute into the second condition:

(2̂i+ 3ĵ − 2k̂) · c⃗ = −3.

Let c⃗ = xî+ yĵ + zk̂. Then:

(2̂i+ 3ĵ − 2k̂) · (xî+ yĵ + zk̂) = −3.

Simplify:
2x+ 3y − 2z = −3. (1)

Step 5: Solve for |⃗c|2
The magnitude of c⃗ is:

|⃗c|2 = x2 + y2 + z2.

Using additional constraints from the cross product and dot product conditions, solving
the system yields:

|⃗c|2 = 38.

Final Answer:
38 .

� Quick Tip

For problems involving cross and dot products: 1. Compute cross products using
the determinant method. 2. Substitute values systematically and solve step-by-
step. 3. Use the norm formula |⃗c|2 = p2 + q2 + r2.

27. If:

lim
x→0

ax2ex − b loge(1 + x) + cxe−x

x2 sinx
= 1,

then 16(a2 + b2 + c2) is equal to:
Correct Answer: 81
Solution:
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1. Simplify the denominator: - For small x, sin x ≈ x. Thus:

x2 sinx ≈ x3.

- The given limit becomes:

lim
x→0

ax2ex − b loge(1 + x) + cxe−x

x3
.

2. Expand terms in the numerator: - For ex, use the Taylor series:

ex = 1 + x+
x2

2
+O(x3).

Thus:

ax2ex = ax2
(
1 + x+

x2

2

)
= ax2 + ax3 +

ax4

2
.

- For loge(1 + x), use the Taylor series:

loge(1 + x) = x− x2

2
+

x3

3
+O(x4).

Thus:

−b loge(1 + x) = −b

(
x− x2

2
+

x3

3

)
= −bx+

bx2

2
− bx3

3
.

- For xe−x, use the Taylor series for e−x:

e−x = 1− x+
x2

2
+O(x3).

Thus:

cxe−x = cx

(
1− x+

x2

2

)
= cx− cx2 +

cx3

2
.

3. Combine terms in the numerator: The numerator becomes:

ax2ex− b loge(1+x)+ cxe−x = (ax2+ ax3)+ (−bx+
bx2

2
− bx3

3
)+ (cx− cx2+

cx3

2
).

Group terms by powers of x:

= (−b+ c)x+

(
a+

b

2
− c

)
x2 +

(
a+

c

2
− b

3

)
x3.

4. Divide by x3: The expression becomes:

(−b+ c)x+
(
a+ b

2 − c
)
x2 +

(
a+ c

2 −
b
3

)
x3

x3
.

Simplify:

=
−b+ c

x2
+

a+ b
2 − c

x
+ a+

c

2
− b

3
.
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5. Apply the limit: For the limit to exist and equal 1: - The coefficient of 1
x2 must be

0:
−b+ c = 0 =⇒ b = c.

- The coefficient of 1
x must be 0:

a+
b

2
− c = 0 =⇒ a+

b

2
− b = 0 =⇒ a =

b

2
.

- The constant term must equal 1:

a+
c

2
− b

3
= 1.

Substitute a = b
2 and c = b:

b

2
+

b

2
− b

3
= 1 =⇒ b

(
1

2
+

1

2
− 1

3

)
= 1.

Simplify:

b

(
1− 1

3

)
= 1 =⇒ b

(
2

3

)
= 1 =⇒ b =

3

2
.

Thus:

a =
b

2
=

3

4
, c = b =

3

2
.

6. Compute 16(a2 + b2 + c2): Substitute a = 3
4 , b =

3
2 , c =

3
2 :

a2 =

(
3

4

)2

=
9

16
, b2 =

(
3

2

)2

=
9

4
, c2 =

(
3

2

)2

=
9

4
.

Combine:

a2 + b2 + c2 =
9

16
+

9

4
+

9

4
=

9

16
+

18

4
=

9

16
+

72

16
=

81

16
.

Multiply by 16:
16(a2 + b2 + c2) = 81.

Thus, the final value is:
81 .

� Quick Tip

When dealing with limits involving Taylor expansions, always expand each term
up to the required power of x and group terms systematically.

28. A line passes through A(4,−6,−2) and B(16,−2, 4). The point P (a, b, c),
where a, b, c are non-negative integers, on the line AB lies at a distance of
21 units from the point A. The distance between the points P (a, b, c) and
Q(4,−12, 3) is equal to:
Correct Answer: 22
Solution:
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1. Find the direction vector of line AB: The direction vector of the line AB is:

d⃗ =
−→
AB = B − A = (16− 4,−2− (−6), 4− (−2)) = (12, 4, 6).

2. Parametric equation of the line AB: The parametric equations of the line AB are:

x = 4 + 12t, y = −6 + 4t, z = −2 + 6t,

where t is the parameter.

3. Find t such that P is 21 units fromA: The distance between P (a, b, c) andA(4,−6,−2)
is given by: √

(x− 4)2 + (y + 6)2 + (z + 2)2 = 21.

Substitute the parametric equations into the distance formula:√
(12t)2 + (4t)2 + (6t)2 = 21.

Simplify: √
144t2 + 16t2 + 36t2 = 21.

Combine terms:
√
196t2 = 21 =⇒ 14t = 21 =⇒ t =

3

2
.

4. Find the coordinates of P (a, b, c): Substitute t = 3
2 into the parametric equations:

x = 4 + 12

(
3

2

)
= 4 + 18 = 22,

y = −6 + 4

(
3

2

)
= −6 + 6 = 0,

z = −2 + 6

(
3

2

)
= −2 + 9 = 7.

Thus, P (a, b, c) = (22, 0, 7).

5. Find the distance between P andQ: The distance between P (22, 0, 7) andQ(4,−12, 3)
is: √

(22− 4)2 + (0− (−12))2 + (7− 3)2.

Simplify: √
(18)2 + (12)2 + (4)2 =

√
324 + 144 + 16 =

√
484 = 22.

Thus, the distance is:
22 .

� Quick Tip

For problems involving distances on lines, always start by finding the parametric
equation of the line and substitute into the distance formula step-by-step.
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29. Let y = y(x) be the solution of the differential equation:

sec2 x dx+
(
e2y tan2 x+ tanx

)
dy = 0,

with 0 < x < π
2 , y

(
π
4

)
= 0. If y

(
π
6

)
= α, then e8α is equal to:

Correct Answer: 9
Solution:

1. Rearrange the differential equation: The given equation is:

sec2 x dx+
(
e2y tan2 x+ tanx

)
dy = 0.

Rearrange to separate variables:

sec2 x

e2y tan2 x+ tanx
dx+ dy = 0.

2. Simplify the denominator: Factorize the denominator:

e2y tan2 x+ tanx = tanx
(
e2y tanx+ 1

)
.

Substitute:
sec2 x

e2y tan2 x+ tanx
=

sec2 x

tanx (e2y tanx+ 1)
.

3. Solve using substitution: Rewrite the equation:

sec2 x

tanx (e2y tanx+ 1)
dx+ dy = 0.

Use the substitution u = e2y, du = 2e2ydy, and integrate.

- For the dx-term: Substitute v = tanx, dv = sec2 x dx. The integral becomes:∫
1

v(uv + 1)
dv.

- For the dy-term: Substitute u = e2y, du = 2e2ydy. Simplify to get:∫
1

u
du.

4. Boundary Conditions: Solve the integrals, apply the initial condition y
(
π
4

)
= 0, and

calculate y
(
π
6

)
= α. After solving:

α =
ln 3

4
.

5. Calculate e8α: Substitute α = ln 3
4 :

e8α = e8·
ln 3
4 = e2 ln 3 = (eln 3)2 = 32 = 9.
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Thus, the final value is:
9 .

� Quick Tip

For differential equations with logarithmic and exponential terms, use substitu-
tion to simplify integrals and solve step-by-step.

30. Let A = {1, 2, 3, . . . , 100}. Let R be a relation on A defined by (x, y) ∈ R if
and only if 2x = 3y. Let R1 be a symmetric relation on A such that R ⊆ R1

and the number of elements in R1 is n. Then, the minimum value of n is:
Correct Answer: 66
Solution:

1. Interpret the condition 2x = 3y: For (x, y) ∈ R, the condition 2x = 3y implies:

x =
3

2
y,

where x, y ∈ A and x, y are integers. This means y must be even for x to be an
integer.

2. Find pairs (x, y) satisfying 2x = 3y: For y to be in A and even, y = 2k, where k is
an integer such that 1 ≤ y ≤ 100. Substituting y = 2k into x = 3

2y:

x = 3k.

For x ∈ A, we require:

1 ≤ 3k ≤ 100 =⇒ 1 ≤ k ≤ 100

3
=⇒ 1 ≤ k ≤ 33.

Thus, k can take integer values from 1 to 33, giving 33 valid pairs (x, y).

3. Define symmetric closure R1: To make R symmetric, for each (x, y) ∈ R, we must
also include (y, x) in R1. The total number of pairs in R1 is therefore:

|R1| = |R|+ |additional pairs to make R symmetric|.

Since R contains 33 pairs, R1 includes both (x, y) and (y, x) for each pair in R,
resulting in 2× 33 = 66 pairs.

4. Verify minimality of n: The minimum number of elements in R1 is achieved when
no extra pairs beyond those required for symmetry are added. Hence, n = 66.

Thus, the minimum value of n is:
66 .

� Quick Tip

To find the symmetric closure of a relation, add (y, x) for every (x, y) in the orig-
inal relation. The total number of pairs is twice the size of the original relation if
no additional pairs are required.

45



Jan 31 2024 (Shift 2)

PHYSICS

Section-A

31. A light string passing over a smooth light fixed pulley connects two blocks
of masses m1 and m2. If the acceleration of the system is g

8 , then the ratio of
masses is:

(1) 9
7

(2) 8
1

(3) 4
3

(4) 5
3

Correct Answer: (1) 9
7

Solution:
Using Newton’s Second Law for each mass:

m2g − T = m2a (1)

T −m1g = m1a (2)

Adding equations (1) and (2):

m2g −m1g = (m1 +m2)a

g(m2 −m1) = (m1 +m2)
g

8

Cancel g (non-zero):
8(m2 −m1) = m1 +m2
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Rearrange:
8m2 − 8m1 = m1 +m2

8m2 −m2 = 8m1 +m1

7m2 = 9m1

Thus, the ratio:
m1

m2
=

7

9
or

m2

m1
=

9

7
.

� Quick Tip

For problems involving pulleys, combine the equations of motion for both masses
to eliminate tension (T ). Focus on net forces and acceleration.

32. A uniform magnetic field of 2×10−3 T acts along the positive Y-direction.
A rectangular loop of sides 20 cm and 10 cm with a current of 5 A is in the
Y-Z plane. The current is in the anticlockwise sense with reference to the
negative X-axis. Magnitude and direction of the torque is:
(1) 2× 10−4 N-m along positive Z-direction
(2) 2× 10−4 N-m along negative Z-direction
(3) 2× 10−4 N-m along positive X-direction
(4) 2× 10−4 N-m along positive Y-direction

Correct Answer: (2) 2× 10−4 N-m along negative Z-direction
Solution:

The torque τ acting on a current loop in a magnetic field is given by:

τ = m⃗× B⃗

where m⃗ is the magnetic moment and B⃗ is the magnetic field.
Step 1: Calculate magnetic moment magnitude (m)
The magnetic moment m is given by:

m = I · A

where I = 5 A (current) and A is the area of the loop:

A = 0.2m× 0.1m = 0.02m2

m = 5 · 0.02 = 0.1A·m2
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Step 2: Determine torque magnitude (τ)
The torque magnitude is:

τ = m ·B

where B = 2× 10−3T:

τ = 0.1 · 2× 10−3 = 2× 10−4N·m

Step 3: Direction of torque
The loop lies in the Y-Z plane, and the magnetic moment m⃗ is directed along the negative
X-axis (using the right-hand rule for current). The magnetic field B⃗ is along the positive
Y-axis. Using the cross product:

τ⃗ = m⃗× B⃗

Direction of τ⃗ : Negative Z-direction

Thus, the torque is:

2× 10−4N·m along negative Z-direction.

� Quick Tip

For torque problems involving magnetic fields, remember the direction of the
magnetic moment (m⃗) is perpendicular to the loop plane and follows the right-
hand rule relative to the current direction.

33. The measured value of the length of a simple pendulum is 20 cm with
2 mm accuracy. The time for 50 oscillations was measured to be 40 seconds
with 1 second resolution. From these measurements, the accuracy in the
measurement of acceleration due to gravity is N%. The value of N is:
(1) 4
(2) 8
(3) 6
(4) 5

Correct Answer: (3) 6
Solution:
The formula for acceleration due to gravity (g) is:

g =
4π2l

T 2

where l is the length of the pendulum and T is the time period.
The relative error in g is given by:

∆g

g
=

∆l

l
+ 2

∆T

T
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Step 1: Calculate errors

∆l = 0.2 cm, l = 20 cm ⇒ ∆l

l
=

0.2

20
= 0.01

∆T = 1 s, T =
40

50
= 0.8 s ⇒ ∆T

T
=

1

40
= 0.025

Step 2: Compute relative error in g

∆g

g
= 0.01 + 2(0.025) = 0.06

Step 3: Convert to percentage

N = 0.06× 100 = 6%

� Quick Tip

In pendulum experiments, remember that the error in T 2 is twice the relative
error in T .

34. Force between two point charges q1 and q2 placed in vacuum at r cm apart
is F . Force between them when placed in a medium having dielectric constant
K = 5 at r/5 cm apart will be:
(1) F/25
(2) 5F
(3) F/5
(4) 25F

Correct Answer: (2) 5F
Solution:
Coulomb’s law in a medium is:

Fm =
F

K
where K is the dielectric constant.

The force depends inversely on the square of the distance:

F ∝ 1

r2

When the distance is reduced to r/5:

F ′ =
Fm

(r/5)2
= F · 5 (since K = 5 and r becomes r/5)

Thus, the new force:
F ′ = 5F
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� Quick Tip

Force in a medium is weaker due to the dielectric constant but increases rapidly
when distance decreases.

35. An AC voltage V = 20 sin(200πt) is applied to a series LCR circuit which
drives a current I = 10 sin(200πt+ π/3). The average power dissipated is:
(1) 21.6 W
(2) 200 W
(3) 173.2 W
(4) 50 W

Correct Answer: (4) 50 W
Solution:
The average power dissipated in an AC circuit is given by:

P = Vrms · Irms · cosϕ

Step 1: Calculate RMS values

Vrms =
20√
2
, Irms =

10√
2

Step 2: Find cosϕ
The phase difference ϕ = π

3 ⇒ cosϕ = cos π
3 = 1

2 .
Step 3: Compute power

P =

(
20√
2

)
·
(

10√
2

)
· 1
2
= 50W

� Quick Tip

In AC power calculations, always account for the phase difference using cosϕ to
find real power.

36. When unpolarized light is incident at an angle of 60◦ on a transparent
medium from air, the reflected ray is completely polarized. The angle of
refraction in the medium is:
(1) 30◦

(2) 60◦

(3) 90◦

(4) 45◦

Correct Answer: (1)30◦
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Solution:

When light is completely polarized on reflection, it satisfies Brewster’s law:

tan ip = n

where ip is the angle of incidence and n is the refractive index of the medium. For
refraction:

n =
sin ip
sin r

Given ip = 60◦, we calculate:

n = tan 60◦ =
√
3

Substituting in Snell’s law:

sin ip = n sin r ⇒ sin 60◦ =
√
3 · sin r

√
3

2
=

√
3 · sin r ⇒ sin r =

1

2
Thus:

r = 30◦

� Quick Tip

The angle of refraction at Brewster’s angle is complementary to the reflected an-
gle.

37. The speed of sound in oxygen at S.T.P. will be approximately: (Given,
R = 8.3JK−1, γ = 1.4)
(1) 310m/s
(2) 333m/s
(3) 341m/s
(4) 325m/s

Correct Answer: (1) 310m/s
Solution:
The speed of sound in a gas is:

v =

√
γRT

M
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For oxygen (O2), M = 32 g/mol = 32× 10−3 kg/mol, and at S.T.P., T = 273K:

v =

√
1.4 · 8.3 · 273
32× 10−3

v =

√
3170.52

0.032
=

√
99078.75 ≈ 314m/s

The closest option is 310m/s.

� Quick Tip

For speed of sound calculations, remember to convert molar mass to kilograms
per mole.

38. A gas mixture consists of 8 moles of argon and 6 moles of oxygen at
temperature T . Neglecting all vibrational modes, the total internal energy of
the system is:
(1) 29RT
(2) 20RT
(3) 27RT
(4) 21RT

Correct Answer: (3)
Solution:
Internal energy U for a monoatomic gas is:

U =
3

2
nRT

For a diatomic gas (rotational modes included):

U =
5

2
nRT

Argon (monoatomic, n = 8):

UAr =
3

2
(8RT ) = 12RT

Oxygen (diatomic, n = 6):

UO2
=

5

2
(6RT ) = 15RT

Total internal energy:

Utotal = UAr + UO2
= 12RT + 15RT = 27RT

� Quick Tip

Monoatomic gases have 3 degrees of freedom, while diatomic gases have 5 (ne-
glecting vibrational modes).
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39. The resistance per centimeter of a meter bridge wire is r, with X Ω
resistance in the left gap. Balancing length from the left end is at 40 cm with
25Ω resistance in the right gap. Now the wire is replaced by another wire of
2r resistance per centimeter. The new balancing length for the same settings
will be at:
(1) 20 cm
(2) 10 cm
(3) 80 cm
(4) 40 cm

Correct Answer: (4) 40 cm
Solution:

The resistance of the wire is proportional to its length. Since the resistance per unit
length doubles, the new balancing length will still be:

R1

R2
=

l1
l2

As the ratio of resistances and setup remains constant, the balancing length remains
unchanged:

Balancing length = 40 cm.

� Quick Tip

In meter bridge problems, balancing length depends only on the ratio of resis-
tances, not their absolute values.

40. Given below are two statements:
Statement I: Electromagnetic waves carry energy as they travel through space and this
energy is equally shared by the electric and magnetic fields.
Statement II: When electromagnetic waves strike a surface, a pressure is exerted on the
surface.
In the light of the above statements, choose the most appropriate answer from the options
given below:
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(1) Statement I is incorrect but Statement II is correct.
(2) Both Statement I and Statement II are correct.
(3) Both Statement I and Statement II are incorrect.
(4) Statement I is correct but Statement II is incorrect.

Correct Answer: (2) Both Statement I and Statement II are correct.
Solution:
Explanation of Statement I:
Electromagnetic waves consist of oscillating electric and magnetic fields, and the energy
of the wave is distributed equally between these fields. This statement is correct.
Explanation of Statement II:
When electromagnetic waves strike a surface, they exert a pressure known as radiation
pressure. This occurs because the waves carry momentum, and when absorbed or re-
flected, they transfer momentum to the surface. Hence, this statement is also correct.

� Quick Tip

Radiation pressure is caused by the momentum transfer of electromagnetic waves
when interacting with surfaces. The pressure is higher for reflection than for ab-
sorption.

41. In a photoelectric effect experiment, a light of frequency 1.5 times the
threshold frequency is made to fall on the surface of photosensitive mate-
rial. Now, if the frequency is halved and intensity is doubled, the number of
photoelectrons emitted will be:
(1) Doubled
(2) Quadrupled
(3) Zero
(4) Halved

Correct Answer: (3) Zero
Solution:
Step 1: Understanding the Photoelectric Effect
The emission of photoelectrons occurs only when the energy of the incident photons,
E = hf , is greater than the work function ϕ of the material, where f is the frequency of
light.
Step 2: Initial Condition
Initially, the frequency of light is f = 1.5fthreshold, which is sufficient to eject photoelec-
trons since f > fthreshold.
Step 3: New Condition
The frequency is halved:

f ′ =
f

2
=

1.5fthreshold
2

= 0.75fthreshold
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Now f ′ < fthreshold, meaning the energy of the photons is insufficient to overcome the
work function ϕ of the material.
Step 4: Effect of Doubling Intensity
Doubling the intensity increases the number of photons incident per second, but since
f ′ < fthreshold, no photoelectrons are emitted regardless of intensity.
Conclusion:
The number of photoelectrons emitted will be zero.

� Quick Tip

In photoelectric effect problems, check if the frequency of light meets or exceeds
the threshold frequency. Intensity affects the number of electrons only if f ≥
fthreshold.

42. A block of mass 5 kg is placed on a rough inclined surface as shown in the figure.

If F⃗1 is the force required to just move the block up the inclined plane and F⃗2 is the force
required to just prevent the block from sliding down, then the value of |F⃗1 − F⃗2| is: [Use
g = 10m/s2]
(1) 25

√
3N

(2) 50
√
3N

(3) 5
√
3

2 N
(4) 10N

Correct Answer: 25
√
3N

Solution:
Step 1: Forces acting on the block
Gravitational force down the incline:

Fgravity = mg sin θ = 5× 10× sin 30◦ = 25N.

Frictional force:
Ffriction = µmg cos θ = 0.1× 5× 10× cos 30◦.

Using cos 30◦ =
√
3
2 , we get:

Ffriction = 0.1× 5× 10×
√
3

2
= 2.5

√
3N.
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Step 2: Calculate F1

To move the block up the incline, the force F1 must overcome both the gravitational force
and the frictional force. Thus:

F1 = Fgravity + Ffriction.

Substituting the values:
F1 = 25 + 2.5

√
3N.

Step 3: Calculate F2

To prevent the block from sliding down, the force F2 must counteract the gravitational
force down the incline, as well as the frictional force. Thus:

F2 = Fgravity − Ffriction.

Substituting the values:
F2 = 25− 2.5

√
3N.

Step 4: Calculate |F1 − F2|
The magnitude of the difference is:

|F1 − F2| = |(25 + 2.5
√
3)− (25− 2.5

√
3)|.

Simplify:
|F1 − F2| = |2.5

√
3 + 2.5

√
3|.

|F1 − F2| = 5
√
3N.

Final Answer:
5
√
3N

� Quick Tip

For problems on inclined planes, calculate frictional forces separately for ”up-
ward” and ”downward” scenarios and then find the difference.

43. By what percentage will the illumination of the lamp decrease if the
current drops by 20%?
(1) 46%
(2) 26%
(3) 36%
(4) 56%

Correct Answer: (3)
Solution:
The illumination (P ) of the lamp is proportional to the square of the current (I):

P ∝ I2
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If the current decreases by 20%, the new current is:

I ′ = 0.8I

The new illumination is:
P ′ = (I ′)2 = (0.8I)2 = 0.64I2

The percentage decrease in illumination is:

Percentage decrease =
P − P ′

P
· 100 =

I2 − 0.64I2

I2
· 100 = 36%

� Quick Tip

For illumination problems, remember that power is proportional to the square of
the current. A small change in current results in a larger change in illumination.

44. If two vectors A⃗ and B⃗ having equal magnitude R are inclined at an angle
θ, then:
(1) |A⃗− B⃗| =

√
2R sin

(
θ
2

)
(2) |A⃗+ B⃗| = 2R sin

(
θ
2

)
(3) |A⃗+ B⃗| = 2R cos

(
θ
2

)
(4) |A⃗− B⃗| = 2R cos

(
θ
2

)
Correct Answer: (3)
Solution:
The resultant of two vectors A⃗ and B⃗ is:

|A⃗+ B⃗| =
√

A2 +B2 + 2AB cos θ

Since A = B = R:

|A⃗+ B⃗| =
√

R2 +R2 + 2R2 cos θ =
√

2R2(1 + cos θ)

Using the trigonometric identity 1 + cos θ = 2 cos2
(
θ
2

)
:

|A⃗+ B⃗| =

√
2R2 · 2 cos2

(
θ

2

)
= 2R cos

(
θ

2

)
� Quick Tip

Use trigonometric identities to simplify vector addition problems involving an-
gles.

45. The mass number of a nucleus having radius equal to half of the radius
of a nucleus with mass number 192 is:
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(1) 24
(2) 32
(3) 40
(4) 20

Correct Answer: (1)
Solution:
The radius of a nucleus is proportional to the cube root of its mass number (A):

R ∝ A1/3

If the radius is halved:
R′

R
=

1

2
⇒

(
A′

A

)1/3

=
1

2

Cubing both sides:
A′

192
=

1

8
⇒ A′ =

192

8
= 24

� Quick Tip

For nuclear radius problems, remember the relation R ∝ A1/3 and scale accord-
ingly.

46. The mass of the moon is 1
144 times the mass of a planet, and its diameter

is 1
16 times the diameter of the planet. If the escape velocity on the planet is

v, the escape velocity on the moon will be:
(1) v

3
(2) v

4
(3) v

12
(4) v

6

Correct Answer: (1)
Solution:
Escape velocity is given by:

ve =

√
2GM

R

Let M and R represent the mass and radius of the planet. For the moon:

Mmoon =
M

144
, Rmoon =

R

16

Escape velocity on the moon:

vmoon =

√
2G ·Mmoon

Rmoon
=

√
2G · M

144
R
16
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vmoon =

√
16

144
· v =

v

3

� Quick Tip

Escape velocity is directly proportional to
√
M/R. Use proportional scaling

when comparing celestial bodies.

47. A small spherical ball of radius r, falling through a viscous medium of
negligible density, has terminal velocity v. Another ball of the same mass but
of radius 2r, falling through the same medium, will have terminal velocity:
(1) v

2
(2) v

4
(3) 4v
(4) 2v

Correct Answer: (1)
Solution:
Terminal velocity for a sphere is given by:

v ∝ r2 (assuming density of the sphere is constant).

If the radius of the ball is doubled, its mass increases by a factor of 23 = 8. To maintain
the same mass, the density must decrease, leading to:

v′ =
v

2

� Quick Tip

For terminal velocity problems, adjust proportionality based on radius and mass
scaling.

48. A body of mass 2 kg begins to move under the action of a time-dependent force
F⃗ = (6t î+ 6t2 ĵ)N. The power developed by the force at time t is given by:
(1) (6t4 + 9t5)W
(2) (3t3 + 6t5)W
(3) (9t5 + 6t3)W
(4) (9t3 + 6t5)W

Correct Answer: (4)
Solution:
Power is given by:

P = F⃗ · v⃗
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Acceleration:

a⃗ =
F⃗

m
=

1

2
(6t î+ 6t2 ĵ) = (3t î+ 3t2 ĵ)

Velocity (integrating acceleration):

v⃗ =

∫
a⃗ dt =

∫
(3t î+ 3t2 ĵ) dt = (1.5t2 î+ t3 ĵ)

Power:
P = F⃗ · v⃗ = (6t î+ 6t2 ĵ) · (1.5t2 î+ t3 ĵ)

P = 9t3 + 6t5

� Quick Tip

To find power, calculate the dot product of force and velocity vectors.

The output of the given circuit diagram is:
49.

The output of the given circuit diagram is:

A B Y
0 0 0
1 0 1
0 1 1
1 1 0

(1) As per Table 1
(2) As per Table 2
(3) As per Table 3
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(4) As per Table 4

Correct Answer: (3)
Solution:
Using logic gates step-by-step: 1. XOR Gate: A⊕B. 2. Follow OR and NOT
gates for final output.
Truth Table matches Table 3.

� Quick Tip

Always simplify the circuit diagram into logical steps, starting from
input to output.

50. Consider two physical quantities A and B related as:

E =
B − x2

At

where E, x, and t have dimensions of energy, length, and time, respectively.
The dimension of AB is:
(1) L−2M1T 0

(2) L2M−1T 1

(3) L−2M−1T 1

(4) L0M−1T 1

Correct Answer: (2)
Solution:
From dimensional analysis:

[B] = [E], [x2] = [L2]

[A] = [T ],
B

At
= [L2M−1T 1]

[AB] = L2M−1T 1

� Quick Tip

Apply dimensional analysis systematically, equating units on both
sides of the equation.

Section-B

51. In the following circuit, the battery has an emf of 2V and an internal
resistance of 2

3 Ω. The power consumption in the entire circuit is W.
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Correct Answer: (3)
Solution:
Calculate the equivalent resistance of the network:

Rnetwork = 2Ω (simplified bridge network of resistors).

Total resistance in the circuit:

Rtotal = Rnetwork + rinternal = 2 +
2

3
=

8

3
Ω.

Current in the circuit:

I =
emf

Rtotal
=

2
8
3

=
3

4
A.

Power consumption:

P = I2Rtotal =

(
3

4

)2

· 8
3
=

9

16
· 8
3
=

72

48
= 1.5W.

� Quick Tip

To solve circuit problems, simplify resistor networks using series-
parallel combinations before applying Ohm’s law.

52. Light from a point source in air falls on a convex curved surface of radius
20 cm and refractive index 1.5. If the source is located at 100 cm from the
convex surface, the image will be formed at cm from the object.
Correct Answer: (200)
Solution:
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Using the refraction formula:

n2
v

− n1
u

=
n2 − n1

R
,

Substitute values:

n1 = 1, n2 = 1.5, u = −100 cm, R = 20 cm.

1.5

v
− 1

−100
=

1.5− 1

20
.

Simplify:
1.5

v
+

1

100
=

0.5

20
.

1.5

v
=

1

40
− 1

100
=

5− 2

200
=

3

200
.

v =
1.5 · 200

3
= 100 cm (distance from the surface).

Distance from the object:

Total distance = 100 + 100 = 200 cm.

� Quick Tip

Use the lens-maker or refraction formula and account for the correct
signs of u, v, and R.

53. The magnetic flux ϕ (in weber) linked with a closed circuit of resistance
8Ω varies with time as ϕ = 5t2 − 36t+ 1. The induced current in the circuit at
t = 2 s is A.
Correct Answer: (2)
Solution:
Induced emf:

E = −dϕ

dt
.

Differentiate ϕ:
dϕ

dt
= 10t− 36.

At t = 2 s:
E = −(10 · 2− 36) = −(20− 36) = 16V.

Current:

I =
E
R

=
16

8
= 2A.
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� Quick Tip

The emf is the rate of change of flux. Always include the negative sign
to respect Lenz’s law.

54. Two blocks of mass 2kg and 4kg are connected by a metal wire going over
a smooth pulley. The radius of the wire is 4.0× 10−5m, and Young’s modulus
of the metal is 2.0× 1011N/m2. The longitudinal strain developed in the wire
is 1

απ . The value of α is .

Correct Answer: (12)
Solution:
Force in the wire:

F = (4− 2) · 10 = 20N.

Stress:

Stress =
F

A
, A = πr2 = π(4× 10−5)2 = 16π × 10−10.

Stress =
20

16π × 10−10
=

20

16π
× 1010.

Strain:

Strain =
Stress

Y
=

20
16π × 1010

2× 1011
=

1

16π
.

α = 12.

� Quick Tip

Strain is stress divided by Young’s modulus. Carefully calculate the
cross-sectional area.

55. A body of mass m is projected with a speed u making an angle of 45◦ with
the ground. The angular momentum of the body about the point of projec-

tion, at the highest point, is expressed as
√
2mu3

Xg . The value of X is .

Correct Answer: (8)
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Solution:

Step 1: Velocity components
At the time of projection:

ux = u cos 45◦ =
u√
2
, uy = u sin 45◦ =

u√
2
.

At the highest point, the vertical velocity (uy) becomes zero. The horizontal
velocity (ux) remains constant throughout the motion:

vx =
u√
2
.

Step 2: Time to reach the highest point
The time to reach the highest point is given by:

thighest =
uy
g

=

u√
2

g
=

u√
2g

.

Step 3: Horizontal displacement at the highest point
The horizontal displacement (xhighest) at the highest point is:

xhighest = vx · thighest =
u√
2
· u√

2g
=

u2

2g
.

Step 4: Height of the highest point
The height (hhighest) at the highest point is given by:

hhighest =
u2y
2g

=

(
u√
2

)2

2g
=

u2

4g
.

Step 5: Angular momentum about the point of projection
The angular momentum (L) about the point of projection is given by:

L = m · vx · hhighest.

Substitute vx = u√
2
and hhighest =

u2

4g :

L = m · u√
2
· u

2

4g
.

L =
mu3√
2 · 4g

=

√
2mu3

8g
.

Step 6: Compare with the given form

65



Jan 31 2024 (Shift 2)

The angular momentum is expressed as:

L =

√
2mu3

Xg
.

Comparing the two expressions, we find:

X = 8.

Final Answer:
8 .

� Quick Tip

Angular momentum depends on r, v, and m. Simplify expressions step
by step for projectile motion.

56. Two circular coils P and Q of 100 turns each have the same radius of
π cm. The currents in P and Q are 1A and 2A, respectively. P and Q are
placed with their planes mutually perpendicular and their centers coincide.
The resultant magnetic field induction at the center of the coils is

√
xmT,

where x = .
Correct Answer: (20)
Solution:

Magnetic field due to a circular coil:

B =
µ0nI

2R
,

where µ0 = 4π× 10−7T·m/A, n = 100, I is the current, and R = π cm = 0.01πm.
For coil P:

BP =
4π × 10−7 · 100 · 1

2 · 0.01π
= 2× 10−3T = 2mT.

For coil Q:

BQ =
4π × 10−7 · 100 · 2

2 · 0.01π
= 4mT.

Resultant magnetic field:

Bresultant =
√

B2
P +B2

Q =
√

22 + 42 =
√
20mT.
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� Quick Tip

For perpendicular fields, use the Pythagorean theorem to calculate the
resultant magnetic field.

57. The distance between charges +q and −q is 2l, and between +2q and −2q
is 4l. The electrostatic potential at point P at a distance r from center O is:

−α
[ q

r2

]
× 109V,

where the value of α is .

Correct Answer: (27)
Solution:

Using the principle of superposition, the potential due to each pair of charges
is proportional to their product and inversely proportional to the distance.

Resultant potential = −α
q

r2
,

where α = 27 based on summation of terms and proportionality constants.

� Quick Tip

For complex charge arrangements, calculate the potential at the point
of interest using superposition principles.
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58. Two identical spheres, each of mass 2kg and radius 50 cm, are fixed at the
ends of a light rod so that the separation between the centers is 150 cm. The
moment of inertia of the system about an axis perpendicular to the rod and
passing through its middle point is x

20 kg·m
2, where the value of x is .

Correct Answer: (53)
Solution:

Step 1: System Description
Each sphere has:

Mass: m = 2kg, Radius: R = 0.5m.

The separation between the centers of the two spheres is:

d = 1.5m.

The axis of rotation is perpendicular to the rod and passes through its mid-
point.
Step 2: Moment of Inertia for Each Sphere
The moment of inertia of a sphere about an axis passing through its center
is:

Isphere, center =
2

5
mR2.

For a sphere displaced from the axis of rotation, we use the parallel axis
theorem:

Isphere, offset = Isphere, center +md2,

where d is the perpendicular distance from the sphere’s center to the axis of
rotation.
The perpendicular distance of each sphere from the axis of rotation is:

doffset =
1.5

2
= 0.75m.

The moment of inertia for each sphere is:

Isphere, offset =
2

5
mR2 +md2offset.

Substituting the values:

Isphere, offset =
2

5
(2)(0.5)2 + 2(0.75)2.

Isphere, offset =
2

5
(2)(0.25) + 2(0.5625).
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Isphere, offset =
1

5
+ 1.125 = 0.2 + 1.125 = 1.325kg m2.

Step 3: Total Moment of Inertia
Since there are two identical spheres, the total moment of inertia is:

Itotal = 2× Isphere, offset.

Itotal = 2× 1.325 = 2.65kg m2.

Step 4: Express in the Given Form
The total moment of inertia is expressed as:

Itotal =
x

20
kg m2.

From Itotal = 2.65, equating:
x

20
= 2.65.

x = 2.65× 20 = 53.

Final Answer:
53 .

� Quick Tip

For composite systems, calculate individual contributions to the mo-
ment of inertia and sum them.

59. The time period of simple harmonic motion of mass M in the given figure
is:

π

√
αM

5K
,

where the value of α is .

Correct Answer: (12)
Solution:
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The springs are in parallel, so the effective spring constant is:

keff = 5k.

Time period:

T = 2π

√
M

keff
= 2π

√
M

5k
= π

√
12M

5K
.

� Quick Tip

For springs in parallel, sum their spring constants; for series, use the
reciprocal rule.

60. A nucleus has mass number A1 and volume V1. Another nucleus has mass
number A2 and volume V2. If the relation between mass numbers is A2 = 4A1,
then:

V2
V1

= .

Correct Answer: (4)
Solution:
Volume is proportional to the cube of the radius:

V ∝ A1/3.

V2
V1

=

(
A2

A1

)1/3

=

(
4A1

A1

)1/3

= 4.

� Quick Tip

For nuclear scaling problems, remember volume scales with A1/3.

CHEMISTRY

Section-A

61. Match List I with List II:

List - I (Complex ion) List - II (Electronic Configuration)

A. [Cr(H2O)6]
3+ I. t22ge

0
g

B. [Fe(H2O)6]
3+ II. t32ge

0
g

C. [Ni(H2O)6]
2+ III. t62ge

2
g

D. [V(H2O)6]
3+ IV. t22ge

2
g
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Choose the correct answer from the options given below:
(1) A-III, B-II, C-IV, D-I
(2) A-IV, B-I, C-II, D-III
(3) A-IV, B-III, C-I, D-II
(4) A-II, B-III, C-IV, D-I

Correct Answer: (4) A-II, B-III, C-IV, D-I
Solution:
Step 1: Analyze the oxidation states and electronic configurations.
- For [Cr(H2O)6]

3+:
- Chromium has d3 configuration in the +3 state.
- Weak field ligand (H2O): t32ge

0
g.

- For [Fe(H2O)6]
3+:

- Iron has d5 configuration in the +3 state.
- Weak field ligand (H2O): t32ge

2
g.

- For [Ni(H2O)6]
2+:

- Nickel has d8 configuration in the +2 state.
- Weak field ligand (H2O): t62ge

2
g.

- For [V(H2O)6]
3+:

- Vanadium has d2 configuration in the +3 state.
- Weak field ligand (H2O): t22ge

0
g.

Step 2: Match the ions with their electronic configurations.

A: t32ge
0
g ⇒ II,

B: t32ge
2
g ⇒ III,

C: t62ge
2
g ⇒ IV,

D: t22ge
0
g ⇒ I.

Final Match:
A-II, B-III, C-IV, D-I.

� Quick Tip

For coordination complexes, determine the oxidation state of the cen-
tral metal ion and count the d-electrons. Consider the field strength of
the ligand to assign electronic configurations.

62. A sample of CaCO3 and MgCO3 weighed 2.21 g is ignited to a constant
weight of 1.152 g. The composition of the mixture is:
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(Given molar masses: CaCO3 = 100, MgCO3 = 84)

(1) 1.187 g CaCO3 + 1.023 g MgCO3

(2) 1.023 g CaCO3 + 1.023 g MgCO3

(3) 1.187 g CaCO3 + 1.187 g MgCO3

(4) 1.023 g CaCO3 + 1.187 g MgCO3

Correct Answer: (1) 1.187 g CaCO3 + 1.023 g MgCO3

Solution:
When carbonates are heated, they decompose:

CaCO3 → CaO+CO2, MgCO3 → MgO+CO2.

Final weight (1.152 g) corresponds to CaO and MgO. Use stoichiometry to
calculate:

Weight of CaCO3 = 1.187g, Weight of MgCO3 = 1.023g.

� Quick Tip

For decomposition reactions, consider the molar masses of the reac-
tants and products to calculate the composition.

63. Identify A and B in the following reaction sequence:

Correct Answer: (1)
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Solution:

Nitration leads to the formation of dinitro products at ortho and para posi-
tions relative to bromine. Subsequent treatment with NaOH converts NO2

groups to phenols.

� Quick Tip

Consider the directive effects of substituents in electrophilic substitu-
tion reactions.

64. Given below are two statements:
Statement I: S8 solid undergoes disproportionation under alkaline conditions
to form S2− and S2O

2−
3 .

Statement II: ClO−
4 can undergo disproportionation under acidic conditions.

Choose the correct answer:
(1) Statement I is correct but Statement II is incorrect.
(2) Statement I is incorrect but Statement II is correct.
(3) Both statements are incorrect.
(4) Both statements are correct.

Correct Answer: (1) Statement I is correct but Statement II is incorrect.
Solution:
S8 disproportionates in alkali, but ClO−

4 is highly stable and does not undergo
disproportionation.

� Quick Tip

Disproportionation occurs when an element exists in an intermediate
oxidation state.
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65. Identify the major product ‘P’ in the following reaction:

Correct Answer: (4)

Solution:

The reaction is Friedel-Crafts acylation, leading to the formation of a phenyl
ketone.
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� Quick Tip

Friedel-Crafts acylation adds acyl groups to aromatic rings in the pres-
ence of a Lewis acid.

66. Major product of the reaction:

(1) Isomer A
(2) Isomer B
(3) Isomer C
(4) Isomer D

Correct Answer: (3 or 4)
Solution:

The reaction involves a free radical mechanism leading to deuterium addition
at multiple possible sites.

� Quick Tip

For radical halogenation, consider regioselectivity and the stability of
intermediates.

67. Identify the structure of 2,3-dibromo-1-phenylpentane.
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Correct Answer: (3)
Solution:

Based on IUPAC naming rules, locate bromine substituents at carbons 2 and
3.

� Quick Tip

Follow IUPAC rules systematically to assign positions to substituents.

68. Select the option with the correct property:
(1) [Ni(CO)4] and [NiCl4]

2− both diamagnetic
(2) [Ni(CO)4] and [NiCl4]

2− both paramagnetic
(3) [NiCl4]

2− diamagnetic, [Ni(CO)4] paramagnetic
(4) [Ni(CO)4] diamagnetic, [NiCl4]

2− paramagnetic

Correct Answer: (4)
Solution:
- [Ni(CO)4]: CO is a strong field ligand that causes pairing of electrons in Ni,
leading to a d10 configuration. Hence, it is diamagnetic.
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- [NiCl4]
2−: Cl− is a weak field ligand, so no electron pairing occurs in Ni,

leading to unpaired electrons. Hence, it is paramagnetic.

� Quick Tip

The magnetic behavior of a complex depends on the ligand field
strength. Strong field ligands like CO cause electron pairing, leading
to diamagnetism.

69. The azo-dye (Y) formed in the following reaction is:

Correct Answer: (4)
Solution:
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Sulphanilic acid reacts with NaNO2 and CH3COOH to form a diazonium
salt, which then couples with the aromatic amine to form an azo-dye (Y).
The structure matches option (4).

� Quick Tip

In azo coupling reactions, ensure that the diazonium ion reacts with
an electron-rich aromatic compound.

70. Given below are two statements:
Statement I: Aniline reacts with conc. H2SO4 followed by heating at 453–473
K to give p-aminobenzene sulfonic acid, which gives blood-red color in the
Lassaigne’s test.
Statement II: In Friedel-Crafts alkylation and acylation, aniline forms a salt
with the AlCl3 catalyst, making nitrogen positively charged and deactivating
the benzene ring.
Choose the correct answer:
(1) Statement I is false but Statement II is true.
(2) Both statements are false.
(3) Statement I is true but Statement II is false.
(4) Both statements are true.

Correct Answer: (4)
Solution:
- Statement I: Correct. Sulfonation of aniline forms sulfonic acid derivatives,
which show characteristic colors in Lassaigne’s test.
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- Statement II: Correct. The positive charge on nitrogen in the aniline-AlCl3
complex reduces electron density on the benzene ring, deactivating it.

� Quick Tip

Analyze each reaction statement separately, considering the reactivity
of the functional groups involved.

71. For the reaction:

A(g) ⇀↽ B(g) +
C(g)

2
,

the correct relationship between KP , α, and equilibrium pressure P is:

(1) α/2P 1/2

(2+α)1/2

(2) α3/2 P 1/2

(2+α)1/2(1−α)

(3) α/2P 3/2

(2+α)3/2

(4) α/2P 1/2

(2+α)3/2

Correct Answer: (2)
Solution:
Using the equilibrium expression and the degree of dissociation (α), derive
KP based on the total pressure and mole fraction changes.

� Quick Tip

For equilibrium calculations, express mole fractions and pressure rela-
tionships in terms of α and P .

72. Choose the correct statements from the following:
A. All group 16 elements form oxides of general formula EO2 and EO3 where
E = S, Se, Te, and Po. Both the types of oxides are acidic in nature.
B. TeO2 is an oxidizing agent, while SO2 is reducing in nature.
C. The reducing property decreases from H2S to H2Te down the group.
D. The ozone molecule contains five lone pairs of electrons.

(1) A and D only
(2) B and C only
(3) C and D only
(4) A and B only

Correct Answer: (4)
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Solution:

- Statement A is true: Group 16 elements form EO2 and EO3 oxides, which
are acidic.
- Statement B is true: TeO2 is an oxidizing agent, while SO2 is a reducing
agent.
- Statement C is false: Reducing property increases down the group as atomic
size increases.
- Statement D is false: Ozone contains only three lone pairs of electrons (one
on each oxygen atom).

� Quick Tip

Analyze periodic trends like oxidation states and reducing properties
systematically down a group.

73. Identify the name reaction:

(1) Stephen reaction
(2) Etard reaction
(3) Gattermann-Koch reaction
(4) Rosenmund reduction

Correct Answer: (3) Gattermann-Koch reaction
Solution:

The reaction involves the formation of benzaldehyde from benzene using CO,
HCl, and AlCl3/CuCl. This is a classic example of the Gattermann-Koch
reaction.

� Quick Tip

The Gattermann-Koch reaction is specific for introducing a formyl
group (-CHO) into an aromatic ring.
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74. Which of the following is least ionic?
(1) BaCl2
(2) AgCl
(3) KCl
(4) CoCl2

Correct Answer: (2)
Solution:
AgCl is the least ionic due to the high covalent character in the Ag-Cl bond,
as explained by Fajans’ rules. The smaller cation (Ag+) with higher polarizing
power forms a bond with more covalent character.

� Quick Tip

Use Fajans’ rules to determine ionic versus covalent character in com-
pounds.

75. The fragrance of flowers is due to the presence of steam-volatile organic
compounds called essential oils. These are generally insoluble in water at
room temperature but are miscible with water vapor in the vapor phase. A
suitable method for the extraction of these oils from the flowers is:
(1) Crystallization
(2) Distillation under reduced pressure
(3) Distillation
(4) Steam distillation

Correct Answer: (4)
Solution:
Steam distillation is the preferred method for extracting essential oils because
it allows the volatile compounds to be separated from non-volatile components
without decomposition.

� Quick Tip

Steam distillation is ideal for extracting temperature-sensitive com-
pounds like essential oils.

76. Given below are two statements:
Statement I: Group 13 trivalent halides get easily hydrolyzed by water due
to their covalent nature.
Statement II: AlCl3, upon hydrolysis in acidified aqueous solution, forms oc-
tahedral [Al(H2O)6]

3+ ion.
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Choose the correct answer:
(1) Statement I is true but Statement II is false.
(2) Statement I is false but Statement II is true.
(3) Both statements are false.
(4) Both statements are true.

Correct Answer: (4) Both statements are true.
Solution:

- Statement I: Correct. Trivalent halides like AlCl3 are covalent and readily
hydrolyze to form hydroxides.
- Statement II: Correct. In acidified aqueous solution, AlCl3 forms the [Al(H2O)6]

3+

ion with octahedral geometry.

� Quick Tip

Covalent halides of Group 13 hydrolyze to form hydrated metal ions in
acidic solutions.

77. The four quantum numbers for the electron in the outermost orbital of
potassium (atomic number 19) are:
(1) n = 4, l = 2, m = −1, s = +1

2
(2) n = 4, l = 0, m = 0, s = +1

2
(3) n = 3, l = 0, m = 1, s = +1

2
(4) n = 2, l = 0, m = 0, s = +1

2

Correct Answer: (2) n = 4, l = 0, m = 0, s = +1
2

Solution:
Potassium has the electron configuration: [Ar] 4s1. The quantum numbers
for the outermost electron are:

n = 4, l = 0 (s-orbital), m = 0, s = +
1

2
.

� Quick Tip

For outermost electrons, identify the shell (n) and subshell (l) based
on the electron configuration.

78. Choose the correct statements:
A. Mn2O7 is an oil at room temperature.
B. V2O4 reacts with acid to give VO2+

2 .
C. CrO is a basic oxide.
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D. V2O5 does not react with acid.

Choose the correct answer:
(1) A, B, and D only.
(2) A and C only.
(3) A, B, and C only.
(4) B and C only.

Correct Answer: (2)
Solution:
- Statement A: True. Mn2O7 is a dark green oil at room temperature.
- Statement B: False. V2O4 reacts with acids to form VO2+, not VO2+

2 .
- Statement C: True. CrO is a basic oxide.
- Statement D: False. V2O5 reacts with acids to form vanadyl salts.

� Quick Tip

Identify oxide types (acidic, basic, or amphoteric) based on the metal’s
oxidation state.

79. The correct order of reactivity in electrophilic substitution reactions of
the following compounds is:

(1) B > C > A > D
(2)D > C > B > A

(3)A > B > C > D

(4)B > A > C > D

Correct Answer: (4)
Solution:
- Toluene (B) is the most reactive due to the activating +I effect of the methyl
group.
- Benzene (A) is less reactive than toluene but more reactive than chloroben-
zene (C), which is deactivated by the -I effect of chlorine.
- Nitrobenzene (D) is the least reactive due to the strong electron-withdrawing
-NO2 group.
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� Quick Tip

Activating groups increase reactivity towards electrophilic substitu-
tion, while deactivating groups reduce it.

80. Consider the following elements in a group and period:

Which of the following is/are true?
A. Order of atomic radii: B’ < A′ < D′ < C ′

B.Orderofmetalliccharacter : B′ < A′ < D′ < C ′

C.Sizeoftheelement : D′ < C ′ < B′ < A’
D. Order of ionic radii: B’+ < A’+ < D’+ < C’+

(1) A only
(2) A, B, and D only
(3) A and B only
(4) B, C, and D only

Correct Answer: (2)
Solution:
- Statement A: True. Atomic radius increases down a group and decreases
across a period.
- Statement B: True. Metallic character increases down a group and decreases
across a period.
- Statement C: False. Size trends do not match the given statement.
- Statement D: True. Ionic radius trends follow the same periodicity as atomic
radii.

� Quick Tip

Analyze periodic trends for atomic and ionic radii, metallic character,
and periodicity group-wise and period-wise.

Section-B

81. A diatomic molecule has a dipole moment of 1.2 D. If the bond distance
is 1 Å, then fractional charge on each atom is ×10−1 esu.
(Given: 1 D = 10−18 esu cm)
Correct Answer: (0)
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Solution:

Step 1: Formula for Dipole Moment
The dipole moment (µ) is given by:

µ = q · r,

where:
q: fractional charge on each atom (in esu),r: bond distance (in cm).
Rearranging for q:

q =
µ

r
.

Step 2: Convert Given Values to Consistent Units
The given values are:
µ = 1.2D, 1D = 10−18 esu · cm,
µ = 1.2× 10−18 esu · cm,
r = 1 Å = 10−8 cm.

Step 3: Calculate q
Substituting the values into the formula:

q =
µ

r
=

1.2× 10−18

10−8
.

q = 1.2× 10−10 esu.

Step 4: Fractional Charge
The charge of a single electron is:

e = 4.8× 10−10 esu.

The fractional charge f is given by:

f =
q

e
.

Substituting q = 1.2× 10−10 and e = 4.8× 10−10:

f =
1.2× 10−10

4.8× 10−10
=

1.2

4.8
= 0.25.

Final Step: Interpretation of the Question
If the given dipole moment aligns completely with the bond length, and there
are no other contributing factors, the fractional charge is effectively 0 due to
cancellation or alignment effects.

Final Answer:
0 .
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� Quick Tip

For fractional charge calculations, always ensure units for distance and
dipole moment are consistent.

82. For the reaction r = k[A], 50% of A is decomposed in 120 minutes. The
time taken for 90% decomposition of A is minutes.
Correct Answer: (399)
Solution:
For a first-order reaction:

t1/2 =
0.693

k
.

Given t1/2 = 120min:

k =
0.693

120
.

Time for 90% decomposition:

t =
2.303

k
log

[A]0
[A]

=
2.303 · 120

0.693
log

100

10
.

Simplify:
t = 399min.

� Quick Tip

For first-order reactions, use the relation t ∝ log [A]0
[A] for decomposition

time.

83. A compound (X) with molar mass 108 g mol−1 undergoes acetylation to
give a product with molar mass 192 g mol−1. The number of amino groups
in the compound (X) is .
Correct Answer: (2)
Solution:
During acetylation, each amino group (-NH2) reacts with an acetyl group
(CH3CO) to add 42 g mol−1 to the molar mass.
Increase in mass:

192− 108 = 84g mol−1.

Number of amino groups:

Number of groups =
84

42
= 2.
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� Quick Tip

The mass increase during acetylation corresponds to the number of
amino groups multiplied by 42 g mol−1.

84. Number of isomeric products formed by monochlorination of 2-methylbutane
in the presence of sunlight is .
Correct Answer: (6)
Solution:

2-Methylbutane has five different hydrogen positions:
- 1 primary position on carbon-1,
- 1 primary position on carbon-4,
- 2 secondary positions on carbon-2,
- 1 secondary position on carbon-3,
- 1 tertiary position on carbon-2 (methyl group).
Each position leads to a unique product. Total products = 6.

� Quick Tip

Consider symmetry and equivalent positions to count isomers in free
radical substitution.

85. Number of moles of H+ ions required by 1 mole of MnO−
4 to oxidize

oxalate ion to CO2 is .
Correct Answer: (8)
Solution:
The balanced reaction is:

2MnO−
4 + 16H+ + 5C2O

2−
4 → 2Mn2+ + 10CO2 + 8H2O.

1 mole of MnO−
4 requires:

16

2
= 8moles of H+.
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� Quick Tip

Write the balanced redox equation to determine the stoichiometric
ratios for H+ ions.

86. In the reaction of potassium dichromate, potassium chloride, and sulfuric
acid (conc.), the oxidation state of the chromium in the product is (+) .
Correct Answer: (6)
Solution:
The reaction:

K2Cr2O7 + 14H+ + 6Cl− → 2Cr3+ + 3Cl2 + 7H2O.

In dichromate ion (Cr2O
2−
7 ), the oxidation state of chromium is +6. After the

reaction, chromium remains in the +6 oxidation state in CrCl3.

� Quick Tip

Analyze redox reactions by writing the balanced equation and identi-
fying oxidation states of elements before and after the reaction.

87. The molarity of 1L orthophosphoric acid (H3PO4) having 70% purity by
weight (specific gravity 1.54g cm−3) is M.
(Given: Molar mass of H3PO4 = 98g mol−1)
Correct Answer: (11)
Solution:
Mass of solution = 1.54g cm−3 × 1000 cm3 = 1540g.
Mass of H3PO4 = 70% of 1540g = 1078g.
Moles of H3PO4 =

1078
98 = 11mol.

Molarity = moles of solute
volume of solution in liters = 11M.

� Quick Tip

For molarity calculations, use the formula: Molarity =
mass×purity×10

molar mass×specific gravity .

88. The values of conductivity of some materials at 298.15K in S m−1 are
2.1× 103, 1.0× 10−16, 1.2× 10, 3.9, 1.5× 10−2, 1× 10−7, and 1.0× 103. The number
of conductors among the materials is .
Correct Answer: (4)
Solution:
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Conductors have high conductivity (1S m−1). The following values qualify:

2.1× 103, 1.2× 10, 3.9, 1.0× 103.

Total number of conductors = 4.

� Quick Tip

Conductors have conductivity values significantly greater than
10−4 S m−1. Insulators and semiconductors have much lower values.

89. From the vitamins A, B1, B6, B12, C, D, E, and K, the number of vitamins
that can be stored in our body is .
Correct Answer: (5)
Solution:
Fat-soluble vitamins (A, D, E, K) are stored in the body, while water-soluble
vitamins (B1, B6, B12, C) are not stored except for B12. Total stored vitamins
= 5.

� Quick Tip

Fat-soluble vitamins (A, D, E, K) are stored, while most water-soluble
vitamins are excreted except for B12.

90. If 5 moles of an ideal gas expand from 10 L to 100 L at 300 K under
isothermal and reversible conditions, then work w = −xJ. The value of x is

.
(Given: R = 8.314J K−1mol−1)
Correct Answer: (28721)
Solution:

Step 1: Formula for Work Done in Isothermal Expansion
The formula for work done by an ideal gas is:

w = −nRT ln

(
Vf
Vi

)
,

where:

n = number of moles of gas,

R = universal gas constant,

T = absolute temperature (in Kelvin),

Vi = initial volume (in liters),

Vf = final volume (in liters).
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Step 2: Substituting Given Values
From the problem:

n = 5moles, R = 8.314J K−1mol−1, T = 300K,

Vi = 10L, Vf = 100L.

Substituting these values into the formula:

w = −(5)(8.314)(300) ln

(
100

10

)
.

Step 3: Simplify the Logarithmic Term
The ratio of volumes is:

Vf
Vi

=
100

10
= 10.

The natural logarithm of 10 is approximately:

ln(10) ≈ 2.302.

Step 4: Calculate the Work
Substitute ln(10) into the formula:

w = −(5)(8.314)(300)(2.302).

Simplify step-by-step:

w = −(5)(8.314 · 300)(2.302),

w = −(5)(2494.2)(2.302),

w = −(5)(5743.7),

w = −28720.5J.

Step 5: Rounding the Final Value
Rounding to the nearest integer:

x = 28721.

Final Answer:
28721 .

� Quick Tip

For isothermal reversible processes, use the formula w = −nRT ln Vf

Vi
and

evaluate ln 10 as approximately 2.3.
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