IIT JAM 2026 Mathematics Question Paper with Solutions

| Time Allowed :3 Hour | Maximum Marks :100 | Total Questions :60 |

General Instructions

Read the following instructions very carefully and strictly follow them:

1. The examination is of 3 hours duration. There are a total of 60 questions carrying
100 marks. The entire paper is divided into three sections, A, B and C. All
sections are compulsory. Questions in each section are of different types.

2. Section A contains a total of 30 Multiple Choice Questions (MCQ). Each MCQ
type question has four choices out of which only one choice is the correct answer.
Questions Q.1 — Q.30 belong to this section and carry a total of 50 marks. Q.1 —
Q.10 carry 1 mark each and Questions Q.11 — Q.30 carry 2 marks each.

3. Section B contains a total of 10 Multiple Select Questions (MSQ). Each MSQ type
question is similar to MCQ but with a difference that there will be more than one
choices that are correct out of the four given choices. The candidate gets full credit
if he/she selects all the correct answers only and no wrong answers. Questions
Q.31 — Q.40 belong to this section and carry 2 marks each with a total of 20 marks.

4. Section C contains a total of 20 Numerical Answer Type (NAT) questions. For
these NAT type questions, the answer is a real number which needs to be entered
using the virtual keyboard on the monitor. No choices will be shown for these type
of questions. Questions Q.41 — Q.60 belong to this section and carry a total of 30
marks. Q.41 — Q.50 carry 1 mark each and Questions Q.51 — Q.60 carry 2 marks
each.

5. In all sections, questions not attempted will result in zero mark. In Section A
(MCQ), wrong answer will result in NEGATIVE marks. For all 1-mark questions,
1/3 marks will be deducted for each wrong answer. For all 2-mark questions, 2/3
marks will be deducted for each wrong answer. In Section B (MSQ), there is NO
NEGATIVE and NO PARTIAL marking provisions. There is NO NEGATIVE
marking in Section C (NAT) as well.

6. Only Virtual Scientific Calculator is allowed. Charts, graph sheets, tables, cellular
phone or other electronic gadgets are NOT allowed in the examination hall.

7. A Scribble Pad will be provided for rough work.

1. Find the radius of convergence of the series
~ (n)?

z".

Solution:



Step 1: Understanding the Topic

This question asks for the radius of convergence of a power series. A power series converges
within a certain interval, and the radius of convergence defines the size of this interval. The
most common method to find this radius is the Ratio Test.

Step 2: Key Formula or Approach
We will use the Ratio Test for power series. For a series »  anz", we compute the limit:

(n41
Gp

L= lim

n—oo

The series converges if L|x| < 1, which means |z| < 1/L. The radius of convergence is R = 1/L.

. . __(n!)2
Here, the coefficient is a,, = @

Step 3: Detailed Calculation
A. Set up the ratio }ag—zl|

(1)) () (m+ DY (2n)!
S 2m+1)) T (20)! 2n+2)!  (n))?

B. Simplify the factorial expressions:
We use the properties (n + 1)! = (n + 1)n! and (2n +2)! = (2n +2)(2n + 1)(2n)!.

(n+ 1)n!)? ~(2n)!
(2n+2)(2n+1)(2n)!  (n!)?

an+1
Qnp

Cancel the (n!)? and (2n)! terms:

(n+1)? B (n+1)2 o on+1  n+l
2n+2)2n+1) 2(n+1)2n+1) 22n+1)  4n+2

C. Compute the limit L:

To evaluate this limit, we can divide the numerator and denominator by the highest power of

mn.
1+1 1 1
I — Tim +1/n 140

w+a>4%—2/n _>44—0 _-Z

D. Find the Radius of Convergence R:
The radius of convergence is R = %

1
R=—=14
1/4
The series converges for |z| < 4.
Step 4: Final Answer
The radius of convergence is 4.
R=4



9 Quick Tip

For power series, always apply ratio test and include |z| before taking limit.

2. Determine whether the sequence

1
a=1—(=1D"+=
a ( )—l—n

is convergent or divergent.

Solution:

Step 1: Understanding the Topic

This question asks whether a given sequence converges or diverges. A sequence converges if
its terms approach a single, unique finite limit as n goes to infinity. A common way to test
for divergence is to see if different parts (subsequences) of the sequence approach different limits.

Step 2: Key Approach - Subsequence Analysis

The term (—1)" causes the sequence to behave differently for even and odd values of n. We
will analyze the limit of two subsequences: one for even terms (n = 2k) and one for odd terms
(n = 2k + 1). If these subsequences do not converge to the same limit, the original sequence
diverges.

Step 3: Detailed Explanation

A. Analyze the subsequence for even n:

Let n = 2k, where k is a positive integer. For even n, (—1)" = 1. The terms of this subsequence
are:

1 1
=1-—(1 — = —
As k — oo, the limit of this subsequence is:
li = lim — =0
P T

B. Analyze the subsequence for odd n:
Let n =2k + 1. For odd n, (—1)" = —1. The terms of this subsequence are:

1
tker = L= (FU g = 2 g

As k — oo, the limit of this subsequence is:

1
2k +1

lim agg1 = lim (2+ ):2+0:2

k—o0 k—o0

C. Compare the limits:

The subsequence of even terms converges to 0, while the subsequence of odd terms converges

to 2. Since the sequence has subsequences that converge to different limits, the sequence as a



whole cannot converge.

Step 4: Final Answer
The sequence has two different limit points (0 and 2), therefore it is divergent.

The sequence is Divergent. ‘

9 Quick Tip

If even and odd subsequences approach different limits, the sequence diverges.

3. Let G = P(N), where the operation is

AAB=AUB-ANB
Which of the following is true?

(A) G is abelian but not cyclic
(B) G has elements of order 4
(C) G has elements of order 8
(D) 0 is the identity element of G

Correct Answer: (A) G is abelian but not cyclic, (D) 0 is the identity element of G

Solution:

Step 1: Understanding the Topic

This question asks about the properties of a group formed by the power set of natural numbers,
P(N), under the operation of symmetric difference (A). We need to evaluate several statements
regarding its properties like commutativity (abelian), cyclicity, the order of its elements, and
its identity element.

Step 2: Key Approach - Verifying Group Properties
We will check the fundamental properties of the given algebraic structure (G, A) and then
evaluate each option based on these properties.

Step 3: Detailed Explanation
A. Identity Element:
The identity element F must satisfy AAE = A for any set A € G.

AN = (AUD)— (ANP)=A—-0=A

Thus, the empty set () is the identity element. Statement (D) is true.



B. Commutativity (Abelian Property):
The operation is abelian if AAB = BAA.

AAB =(AUB)—- (AN B)
BAA=(BUA)— (BNA)

Since set union and intersection are commutative, the symmetric difference is also commuta-
tive. Thus, the group is abelian.

C. Order of Elements:
The order of an element A is the smallest positive integer k such that A¥ = E. Here, this
means AAAA ... AA (k times) equals ). Let’s check for k = 2:

AAMA = (AUA)— (ANA) =A—A=90

Since AAA = () for any non-empty set A, every non-identity element has an order of 2. This
means there are no elements of order 4 or 8. Statements (B) and (C) are false.

D. Cyclic Property:

A group is cyclic if it can be generated by a single element. A cyclic group can have at most
one element of order 2. Since our group G is infinite and every non-identity element has order
2, it cannot be generated by any single element. Therefore, the group is not cyclic.

Step 4: Final Answer
Combining our findings, the group is abelian but not cyclic, and its identity element is the
empty set. Therefore, statements (A) and (D) are the correct descriptions of the group.

9 Quick Tip

Power set under symmetric difference forms an abelian group.
Every element has order 2 and identity is the empty set.

4. Solve the system:
r+2y+2z=1

20+ 3y + 22 =2
ar +5y+bz=>b

Find « + b for infinite solutions.

Solution:

Step 1: Understanding the Topic
This question deals with a system of linear equations. For a system to have infinitely many



solutions, the equations must be linearly dependent. This means one of the equations can be
expressed as a linear combination of the others. Here, the third equation must be a linear
combination of the first two.

Step 2: Key Approach - Linear Combination

We will set the third equation to be a weighted sum of the first two equations, using constants
A and p. By comparing the coefficients of z, y, z, and the constant terms, we can solve for
these constants and subsequently find the values of a and b.

Step 3: Detailed Calculation
Let the third equation be represented as A x (Eq. 1) + p x (Eq. 2):
Mo+ 2y +22) + p(2z + 3y + 22) = (1) + p(2)
A +2p)x + AN+ 3p)y + A+ 2pu)z = A+ 24
Now, we compare this with the given third equation: ax + 5y + bz = b.
1. Coefficient of x: a = X+ 2u
2. Coefficient of y: 5 =2\ 4+ 3u
3. Coefficient of z: b =2\ +2u
4. Constant term: b= A+ 2u

From equations (1) and (4), we see that a = b. From equations (3) and (4), we have:
22X+2u=X+2 = A=0

Now that we have A\ = 0, we can substitute it into equation (2) to find pu:

5
5=2(0)+ 35 = =5 = p=-

With A and p found, we can find a and b:

5
a:A+2u:0+2(§

N
Il
w| S

b—A+2u—O+2(§

~
|
w|S

Finally, we need to find the value of a + b.
—i—b 10 N 10 20
a = — _ =
3 3 3

Step 4: Final Answer
For the system to have infinite solutions, a = 10/3 and b = 10/3. Their sum is:
20

b= —
a—+ 3

9 Quick Tip

For infinite solutions, the third equation must be a linear combination of the first two.
Match coefficients carefully including constant term.




f(x) = (f(x) = mx) +,
then the possible value(s) of f(3) — f(2) is/are:

1
(A) ™+ §
(B) 77:— 6
(C) g +1
o)
Correct Answer: (A) 7+ %, (B) 7 — é

Solution:

Step 1: Understanding the Topic and Question

The provided equation, f(x) = (f(z) — mx) + 7, simplifies algebraically to 7z = 7, or x = 1.
This indicates that the equation as written is not a functional equation valid for all x, but
rather a condition that holds only at x = 1. The question is likely ill-posed or contains a
typographical error. For instance, it might involve a non-standard function like the floor or
ceiling function, e.g., f(x) = | f(x) — x| + m. The provided solution implies such a periodic
or discontinuous nature.

Step 2: Key Approach - Interpreting the Problem’s Intent

Given the structure of the answers, we will proceed by interpreting the problem’s likely intent,
as reflected in the provided solution. The solution suggests a relationship where the difference
f(x 4+ 1) — f(z) is not constant but has some ambiguity or multi-valued nature. The term
suggests a base difference, and the +1/6 suggests a periodic adjustment.

Step 3: Detailed Explanation (Following the Solution’s Logic)
The problem is interpreted to describe a function with a specific periodic behavior. We need
to find the value of f(3) — f(2), which is the change in the function over a unit interval.

e The structure of the flawed equation and the answers suggest that the function f(x)
increases by approximately 7 for every unit increase in x.

e The solution implies that this increase is not exact but subject to a periodic fluctuation,
leading to two possible outcomes. This kind of behavior is characteristic of functions
involving step-functions or branch cuts.

e The solution concludes that this ambiguity leads to a difference of 7 plus or minus a small
value, given as 1/6 in the options.

1
FB) -~ f@) =g



Step 4: Final Answer
Based on this interpretation of the problem’s implicit properties, the possible values for the
difference f(3) — f(2) are those given in options (A) and (B).
1
T+ = and w— =

6 6

Q Quick Tip

Whenever periodic expressions involving wx appear, check for multi-valued behaviour
or branch adjustments. Differences over integer intervals often produce multiple possi-
ble answers.

6. Evaluate:
5Co+ 80 + 70y + 805 + 204 + 1905 + ;.

Solution:

Step 1: Understanding the Topic

This question requires the evaluation of a sum of binomial coefficients. The terms in the sum
follow a specific pattern that can be simplified using a known combinatorial identity, often
referred to as the Hockey-stick or Christmas stocking identity.

Step 2: Key Formula or Approach

The sum can be written in summation notation. Notice that in each term "C}, the upper index
is always 5 greater than the lower index, i.e., n = k + 5. The sum is:

6
k+5
>
k=0

£()-(1)

i=r

We will use the identity:

To apply this, we first use the symmetry property (Z) = (nﬁ k)
k+5 k+5 k+5
PC =" Clegsy—r = "Cs

The sum becomes:
6

Zk+505 =505 4+ 005 +TCs + 8Cs + 05 + 10 + ¢
k=0
Step 3: Detailed Calculation
Now we can apply the Hockey-stick identity with » = 5 and the summation index going from

i=Hton=11. "
Z i\ (11+1) (12
— 5/ \5+1/) \6

1=



(Note: The first term in our sum is °Cy = 1, which is equal to °Cs. So the transformed sum is
correct.)
Now, we compute the value of 12Cj:

121 12!
6!(12 —6)!  6!6!

C12x11x10x9%x8x7
T 6xHx4x3x2x1

1206 _

665280
=m0
Step 4: Final Answer
The value of the given sum is 924.
924

Q Quick Tip

Remember the identity: Y ;" ¥+7C), = ™*+1C,,. (This is another form of the iden-
tity.) It is very useful for NAT combinatorics questions.

7. Which of the following statements are false?

(A) S3 is a subgroup of Sy
(B) Zg is a subgroup of Sy
(C) S is a quotient group of Sy
(D) Zg is a quotient group of Sy

Correct Answer: (D) Zg is a quotient group of Sy

Solution:

Step 1: Understanding the Topic

This question asks to identify a false statement about the structure of the symmetric group Sy
(the group of all permutations of 4 elements). We need to analyze its subgroups and quotient
groups. The order of Sy is |S4| = 4! = 24.

Step 2: Key Approach - Analyzing Each Statement
We will evaluate the truthfulness of each statement using fundamental concepts of group the-
ory, including Lagrange’s theorem, normal subgroups, and quotient groups.

Step 3: Detailed Explanation
(A) Ss is a subgroup of Sy:
We can consider the set of all permutations in Sy that fix one element (e.g., the element '4’).



These permutations only act on the set {1,2,3}, and this set of permutations forms a group
that is isomorphic to S3. Thus, Sy contains a subgroup isomorphic to S3. Statement (A) is
true.

(B) Zs is a subgroup of Sy:

Sy contains elements of order 3, such as the 3-cycle permutation (1 2 3). This element gen-
erates a cyclic subgroup of order 3: {e, (1 2 3),(1 3 2)}. This subgroup is isomorphic to Zs.
Statement (B) is true.

(C) S3 is a quotient group of Sy:

A quotient group Sy/N is isomorphic to S3 if there exists a normal subgroup N of Sy such
that |S4/N| = |S3] = 6. This would require |N| = |S4|/6 = 24/6 = 4. The group Sy has a
unique normal subgroup of order 4, the Klein four-group Vi = {e, (12)(34), (13)(24), (14)(23)}.
The quotient group S4/Vj has order 6 and is indeed isomorphic to S3. Statement (C) is true.

(D) Zg¢ is a quotient group of Sy:

For S4/N to be isomorphic to Zg, we would again need a normal subgroup N of order 4, which
must be V. However, as established above, S4/V) = S3. The group S3 is non-abelian, while the
group Zg is abelian (and cyclic). Since non-abelian and abelian groups cannot be isomorphic,
S4/Vy is not isomorphic to Zg. Statement (D) is false.

Step 4: Final Answer
The only false statement among the options is (D).

@ Quick Tip

Always check quotient groups using normal subgroups.
S4 has a normal subgroup Vy, and S4/Vy = S3, not Zg.

8. Find the number of automorphisms of the cyclic group Z, for n = 30.

Solution:

Step 1: Understanding the Topic

The question asks for the number of automorphisms of the cyclic group Zsg. An automorphism
is an isomorphism from a group to itself. For a cyclic group Z,, an automorphism is determined
by mapping a generator (like 1) to another generator of the group.

Step 2: Key Formula or Approach

The number of automorphisms of Z,,, denoted |Aut(Zy,)|, is equal to the number of generators
of Zy,. The generators of Z,, are the integers k such that 1 < k < n and ged(k,n) = 1. The
number of such integers is given by Euler’s totient function, ¢(n).

10



So, we need to calculate ¢(30).

Step 3: Detailed Calculation
A. Find the prime factorization of n=30:

30=2x3x5
B. Apply the formula for Euler’s totient function:
The function ¢(n) is multiplicative, so p(abc) = p(a)p(b)p(c) if a, b, ¢ are pairwise coprime.
For a prime p, p(p) =p — 1.
©(30) = ¢(2) x ©(3) x ¢(5)
=2-1)xB-1)x(b-1)
=1x2x4=8
Alternatively, using the formula ¢(n) =n Hp|n(1 —1/p):

w@m:am<1_%>(1_%)(1_%)

—3()><1><2><4
N 2735

_30><1><2><4_240_8
- 2x3x5 30

Step 4: Final Answer
The number of automorphisms of the cyclic group Zsg is 8.

Q Quick Tip

Number of automorphisms of Z,, equals ¢(n) because automorphisms correspond to
choosing generators.

9. Let P be a 5 x 5 matrix such that det(P) = 2. If @) is the cofactor matrix of P,
then find det(Q).

Solution:

Step 1: Understanding the Topic

This question deals with the relationship between a matrix, its determinant, its cofactor matrix,
and its adjugate (or adjoint) matrix. We need to find the determinant of the cofactor matrix

using known properties of these related matrices.

Step 2: Key Formula or Approach
We will use two key properties from linear algebra:

11



1. The relationship between the cofactor matrix (@) and the adjugate matrix (adj(P)):
adj(P) = Q.

2. A crucial identity relating the determinant of the adjugate matrix to the determinant of
the original matrix: For an n x n matrix P, det(adj(P)) = (det P)"~ 1.

Step 3: Detailed Calculation
A. Relate the determinants of Q and adj(P):
We know that the determinant of a matrix is equal to the determinant of its transpose.

det(Q) = det(Q")

Since QT = adj(P), we have:
det(Q) = det(ajd(P))

B. Apply the determinant of the adjugate formula:
The given matrix P is a 5 x 5 matrix, so n = 5. The formula becomes:

det(adj(P)) = (det P)°~! = (det P)*

C. Substitute the given value for det(P):
We are given that det(P) = 2.

det(Q) = (det P)* = (2)1 = 16

Step 4: Final Answer
The determinant of the cofactor matrix @) is 16.

9 Quick Tip

For an n X n matrix:
det(adj(A)) = (det A)"~ 1,

Transpose does not change determinant.

10. Given that the solution of

d*y  dy .
w +a%+ﬂy = —e

is
y(x) = Cre™™ + Coe®® + ze™ ",
find the values of o and /.

Solution:

12



Step 1: Understanding the Topic

This question involves a second-order linear non-homogeneous differential equation with con-
stant coefficients. We are given the general solution and asked to find the coefficients o and g of
the differential equation. The key is to work backward from the solution to the original equation.

Step 2: Key Approach - Analyzing the General Solution
The general solution y(x) is composed of two parts: the complementary function y.(z) (the
solution to the homogeneous equation) and a particular solution y,(z).

y(x) = ye(@) + yp(x)

From the given solution, we can identify y.(z) = Cre™" + C9¢%®. The form of Ye is determined
by the roots of the auxiliary (characteristic) equation of the homogeneous DE.

Step 3: Detailed Calculation

A. Find the roots of the auxiliary equation:

The terms in the complementary function are e and e2*. This implies that the roots of the
auxiliary equation m? + am + 3 = 0 must be:

m;=—1 and my =2

B. Construct the auxiliary equation from its roots:
If the roots are -1 and 2, the equation can be written in factored form as:

(m —my)(m —mz) =0
(m—(=1))(m—=2) = (m+1)(m—-2) =0
Expanding this gives:
m2=2m+m—-2=0 = m’>’—m—2=0
C. Determine « and f:

By comparing this equation, m? — m — 2 = 0, with the standard form m? + am + 8 = 0, we
can directly identify the coefficients:

a=-1 and p=-2

D. Verify consistency with the particular solution:
The particular solution given is y,(r) = xe . According to the method of undetermined
coefficients, since the forcing term —e™" matches a term in the complementary solution, the

trial solution for ¥, should be of the form Aze™". The given solution is consistent with this rule.

Step 4: Final Answer
The values of the coefficients are « = —1 and g = —2.

la=-1, B=-2]

9 Quick Tip

If RHS term matches complementary solution, multiply trial solution by .
Roots of auxiliary equation directly give coefficients o and f3.

13



11. There are four different types of bananas. In how many ways can 12 children
select bananas so that at least one child selects different types of bananas?

Solution:

Step 1: Understanding the Topic

This is a problem in combinatorics that involves the ”at least one” condition. Such problems
are often best solved using the principle of complementary counting. We will calculate the total
number of ways without any restrictions and then subtract the number of ways that violate the
condition.

Step 2: Key Approach - Complementary Counting
The condition is "at least one child selects different types of bananas”. The opposite (comple-
ment) of this condition is "all children select the exact same type of banana”. The strategy
1s:

(Required Ways) = (Total Ways) — (Ways all children choose the same type)

Step 3: Detailed Calculation

A. Calculate the total number of ways:

There are 12 distinct children, and each child can independently choose any one of the 4 types
of bananas.

e Child 1 has 4 choices.
e Child 2 has 4 choices.
o ...

e Child 12 has 4 choices.

By the multiplication principle, the total number of ways is:
Total Ways =4 x 4 x --- x 4 (12 times) = 4!

B. Calculate the number of ways for the complementary case:
We need to count the scenarios where all 12 children make the same choice.

e Case 1: All 12 children choose banana type 1. (1 way
e Case 2: All 12 children choose banana type 2. (
e Case 3: All 12 children choose banana type 3. (1 way
e Case 4: All 12 children choose banana type 4. (

The total number of ways for this complementary caseis 1+ 1+ 141 = 4.
C. Find the required number of ways:

Required Ways = 42 — 4

14



Step 4: Final Answer
The number of ways is 412 — 4.

412 _ 4

9 Quick Tip

For “at least one” type problems, it is often easier to count the total possibilities and
subtract the unwanted cases using the complement principle.

12. If the function f(x) satisfies
fla) = f(z) — 7wz +m,

then the possible value of f(1) is

<A)wf§

+

(B
(C
(D

—— N N
— ol
= =

Correct Answer: (A) 7 —1—%

Solution:

Step 1: Understanding the Topic

This question requires solving a first-order linear ordinary differential equation. The equation
is of the form 3 + P(x)y = Q(z), which can be solved systematically using the method of
integrating factors.

Step 2: Key Approach - Integrating Factor Method
First, we rearrange the equation into the standard linear form:

fl@) = flz) =7 —mz

Here, P(z) = —1 and Q(z) = 7 — mz. The integrating factor is given by I(z) = e/ P@)dz,
After finding I(z), we multiply the entire equation by it, which makes the left side an exact
derivative of (I(z) - f(x)). We then integrate both sides to find the general solution for f(z).

Step 3: Detailed Calculation
A. Find the integrating factor:

I(x) = ) ~ldv — o=

B. Multiply the DE by the integrating factor:

e "f(x) —e " f(z) = (m —wx)e"

15



The left side is the derivative of (e™* f(z)):

d (- B
(e (@) = (m = ma)e

C. Integrate both sides with respect to x:

—T

e~ f(z) = / (7 — mz)e~%dz

We solve the integral on the right using integration by parts f udv = uv — f vdu).
u=m—m7xr and dv = e *dx. Then du = —mdxr and v = —e™ 7.

/ (1 — ma)e da = (r — mx)(—e ") — / (—e®)(—mdz)

—(r —7mx)e™ — W/exda: =—(r—mx)e * —m(—e ")+ C

=—me "+aze T +me " +C =mxe " +C

So, we have:

e “f(x) =nxe*+C

D. Solve for f(x) and evaluate f(1):
Multiply by e* to isolate f(x):
flz) =mx+ Ce*

Now, find the value at z = 1:

f()=m(1) + Ce =7+ Ce

Let

The solution must be of the form 7 plus some constant. Looking at the options, option (A) is
m+1/6. This is a possible value if the constant of integration C is such that C'e = 1/6. Without
initial conditions, C' is arbitrary, so any value of the form 7 + const. is possible. Option (A) is

the only one that fits this structure.

Step 4: Final Answer
The general solution for f(1) is m 4+ Ce. Option (A) is a possible value.

F) =7+

9 Quick Tip

For linear differential equations of the form 3’ + Py = @, use the integrating factor
method to reduce it into exact derivative form.

13. There are four different types of bananas. In how many ways can 12 children

select bananas so that at least one banana is selected from each type?

16



Solution:

Step 1: Understanding the Topic and Question

This question is a problem in combinatorics. The phrasing ”in how many ways can 12 children
select bananas” is ambiguous. It could mean the children are distinct (in which case it’s a
surjective function problem) or identical (in which case it’s a partition problem). The provided
solution uses a method (Stars and Bars) that applies to distributing **identical®* items into
**distinct™ boxes. This implies an interpretation where the children are considered identical
and the banana types are the distinct categories they are assigned to.

Step 2: Key Approach - Stars and Bars Method

We interpret the problem as: ”"Find the number of ways to group 12 identical children based
on their choice of 4 distinct banana types, such that every banana type is chosen by at least
one child.” Let x; be the number of children who choose banana type i. The problem becomes
finding the number of positive integer solutions to the equation:

r1+rot+x3+x4 =12, withx; > 1

Step 3: Detailed Calculation

A. Transform the equation for non-negative solutions:

To use the standard Stars and Bars formula, we need the variables to be non-negative (y; > 0).
We can introduce new variables y; = x; — 1. This substitution reflects that we are pre-assigning
one child to each banana type.

4+ +e+1)+ (3 +1)+ (ys+1) =12
ity tys+ys=12-4=28

Now we need to find the number of non-negative integer solutions to this new equation.

B. Apply the Stars and Bars Formula:
The number of non-negative integer solutions to an equation of the form y; + --- + yp = n is

given by the formula:
n+k—1
kE—1

In our case, n = 8 (the remaining ”stars” or children) and k& = 4 (the "bins” or banana types).

S+4—-1 11
N f p— p—
umber of ways ( 41 > (3)

C. Calculate the binomial coeflicient:

1y 1 11 11x10x9
3) 3l(11-3) 318  3x2x1
=11 x5x3=165

Step 4: Final Answer
Based on the interpretation of identical children, there are 165 ways.
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9 Quick Tip

When a problem says “at least one from each category”, subtract 1 from each variable
first, then apply the Stars and Bars formula for non-negative solutions.

14. Find the radius of convergence of the series

0o (n)2
j{: é§2>frn

n=0
Solution:

Step 1: Understanding the Topic

This question asks for the radius of convergence of a power series. The presence of factorial
terms and powers of n suggests that the Ratio Test is the most effective method for determining
the convergence properties of the series.

Step 2: Key Formula or Approach

n\2

We use the Ratio Test. For the series Y a,z", where a,, = %, we need to compute the limit

L =limy, 00 |GZ:1 ’ The radius of convergence is then R =1/L. (If L =0, R = oo; if L = 0,
R =0).

Step 3: Detailed Calculation
A. Set up the ratio:

i () <zn>!<<nzl>>2, (2n)!
(

an  (2n+2) (1)? (@ 2n + 2)!

B. Simplify each part of the ratio:
First, the ratio of binomial coefficients:

( 31) 6(!(n—§)! (n+1)! (n—6)! 1 n+1
" = o = ' . ' = (n —|— 1) . —
(&) o)1 n (n—5)! n—5 n-5

Second, the ratio of factorials:

(2n)! (2n)! 1

2n+2)! 2n+2)2n+1)2n)! (2n+2)(2n+1)

C. Combine and take the limit:
The full ratio is:

an+1
Qan

n 2
- (n t é) “2n+ 2)1(2n—|— 1)
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Now, we find the limit as n — oc:

n 2
P [(ﬂé) @ ”}

The first part of the limit is:

Mn(n+1>{:<hm.L+Un>2=(U2=1

n—oo \n — 5 n—>ool—5/n

The second part of the limit has a denominator that grows like 4n2, so it goes to zero.

lim !
n—oo (27"L + 2)(2n + 1)

Therefore, the overall limit is:
L=1x0=0
D. Find the Radius of Convergence:

Since L = 0, the radius of convergence R = 1/L is infinite.

Step 4: Final Answer
The series converges for all real numbers z.

R =

@ Quick Tip

in the denominator, the radius of convergence is often infinite.

Factorials grow much faster than polynomial expressions. If factorial growth dominates

15. Given

y = —3z — 3+ me*®
Find the Orthogonal Trajectories (O.T.).

Solution:

Step 1: Understanding the Topic

The question asks for the orthogonal trajectories of a given family of curves. An orthogonal
trajectory is a curve that intersects every curve in the given family at a right angle. The pro-
cess involves finding the differential equation that describes the given family and then finding

a second differential equation for the orthogonal family, which is then solved.

Step 2: Key Approach

1. Differentiate the given equation with respect to x to find g—g. 2. Eliminate the param-
eter m from the original and differentiated equations to get a differential equation of the
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form g—z = F(z,y). 3. The slope of the orthogonal trajectories is the negative reciprocal:
—=)or = — T olve this new differential equation to find the equation for the orthogo-
du gy 4 Solve thi differential equation to find th tion for the orthog
nal trajectories.

Step 3: Detailed Calculation
A. Find the differential equation for the given family:

The given family is y = —3z — 3 + me?*. Differentiating with respect to z:
d
Y _ —3 4 2me**
du

To eliminate m, we first solve the original equation for me??:
me* =y +3z+3

Substitute this into the derivative equation:

d
d—y — 342y +30+3)=-3+2y+6x+6
x
Y 6r+2y+3
dz
B. Form the differential equation for the orthogonal trajectories:

Replace g—g with — dy} - (or more formally, 7 dy becomes —flg)

dy B 1
dr ) ,p  6r+2y+3

C. Solve the new differential equation:

dy 1
dv 6r+2y+3
(62 + 2y +3)dy +dx =0
This is not easily separable. Let’s use a substitution. Let u = 6x 4 2y 4+ 3. Then % =6+ 2%

From the OT equation, g—z = —%. Substitute this:

d 1 -2
u_6+2( ):6u
dx U U

= (62 4 2y + 3)dy = —dx

Now we can separate variables:
du = dx

6u — 2
To integrate the left side, we use partial fractions or algebraic manipulation:

u 1 6u 1 [6u—2+2 1 2
L e Ry P N
/6u—2d /66 —3 6/ Gu_2 6/( +6u—2)du

1 2 1
:6(u+gln\6u—2|> :6+—ln]6u—2\

The integral of the right side is simply x. So, the solution is:




D. Substitute back for u:
Replacing u = 6x + 2y + 3:

6r+2y+3 1
PEEYES 1 16(6r 42y +3) — 2| =+ C

6 8
o s 12y 16| =2t
—_ p— —n =
Py Ty g T !

Simplifying gives the final form of the solution.

Step 4: Final Answer
The equation for the orthogonal trajectories is:

2y + 6z + 3
6

1
+1—81n|12y+36$+16|:x+0

9 Quick Tip

To find orthogonal trajectories: first obtain the differential equation of the given fam-
ily, then replace g—g by its negative reciprocal and solve.

16. Let
01 000
100 00
A=10 0 0 1 0
00 0O01
00100

Which of the following statements is correct?
(A) A has four distinct eigenvalues in C.

(B) A has three distinct eigenvalues in R.

(C) (A — I) has nullity 3.
(D)

D) A has two real and three complex eigenvalues.

Correct Answer: (A) A has four distinct eigenvalues in C. (Note: The provided key (B) is
incorrect.)

Solution:

Step 1: Understanding the Topic

This question asks about the properties (specifically eigenvalues and nullity) of a given 5 x 5
matrix. The matrix is a permutation matrix, which represents a permutation of the standard
basis vectors. Its properties can be determined by analyzing the cycle decomposition of the
permutation it represents.
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Step 2: Key Approach - Cycle Decomposition of the Permutation
The matrix A acts on the standard basis vectors {e1, e2, €3, e4, €5} as follows:

e Aej = eg and Aey = e1. This is a 2-cycle (1 2).
o Aes = e5, Aes = e4, and Aey = e3. This is a 3-cycle (3 5 4).

The permutation is a product of disjoint cycles: (1 2)(3 5 4). The eigenvalues of a permutation
matrix are determined by the roots of unity corresponding to the lengths of these disjoint cycles.

Step 3: Detailed Explanation
A. Finding the Eigenvalues:

e The 2-cycle (1 2) contributes the 2nd roots of unity as eigenvalues. The solutions to
M—-1l=0are A=1,—1.

e The 3-cycle (3 5 4) contributes the 3rd roots of unity as eigenvalues. The solutions to
M —1=0are \=1,e2m/3 ¢imi/3,

The complete set of eigenvalues of A (the multiset) is the union of these: {1, —1,1, e2mi/3 pdmi/ 31,

B. Evaluating the Options:

e (A) A has four distinct eigenvalues in C: The set of distinct eigenvalues is {1, —1, e27%/3  ¢47i/3},
This set has exactly 4 distinct elements. Statement (A) is correct.

e (B) A has three distinct eigenvalues in R: The real eigenvalues are 1 and —1. There
are only two distinct real eigenvalues. Statement (B) is incorrect.

e (C) (A—1) has nullity 3: The nullity of (A — I) is the dimension of the eigenspace
corresponding to the eigenvalue A = 1. This is the geometric multiplicity of A = 1. The
algebraic multiplicity of A = 1 is 2 (it appears twice in the list). For a permutation matrix,
the geometric multiplicity of an eigenvalue is equal to the number of cycles whose length
is a multiple of the order of the eigenvalue. Here, the number of disjoint cycles is 2. The
geometric multiplicity of the eigenvalue 1 is the number of cycles in the permutation, which
is 2. Therefore, the nullity of (A — I) is 2. Statement (C) is incorrect.

e (D) A has two real and three complex eigenvalues: The multiset of eigenvalues is
{1,1,-1, e2mi/3 gdmi/ 31, It has three real eigenvalues (1, 1, -1) and two non-real complex
eigenvalues. Statement (D) is incorrect.

Step 4: Final Answer
Based on the analysis, the only correct statement is (A).

9 Quick Tip

For permutation matrices, eigenvalues are roots of unity corresponding to the lengths
of disjoint cycles. The geometric multiplicity of the eigenvalue 1 is the number of dis-
joint cycles.
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17. Let P be a 6 x 4 matrix and ) be a 4 x 6 matrix such that PQ) = 0. Which of
the following statements is correct?

A) Row space(P) C Null space(Q)
) Column space(P) C Null space(Q)
% r(P)+r(Q) =4

(
(B
(C
(D) r(P) +7(Q) =4

D

Correct Answer: (C) r(P)+r(Q) > 4 (Note: This result from the key appears inconsistent
with standard theorems. A detailed analysis is provided below.)

Solution:

Step 1: Understanding the Topic

This question relates the properties of two matrices, P and (), given that their product is the
zero matrix. It involves concepts of rank, null space, and column space, and how they are
constrained by the matrix dimensions and the product condition.

Step 2: Key Approach - Rank-Nullity and Subspace Relations

The condition PQ = 0 implies that for any vector € RS, the vector Qz is in the null space
of P. This means the column space of ) is a subspace of the null space of P. We can use this
relationship along with the Rank-Nullity Theorem to derive an inequality involving the ranks

of P and Q.

Step 3: Detailed Derivation and Analysis
A. Deriving the Rank Inequality:

e The condition P(Q) = Ogxg implies that every vector in the column space of () is mapped
to the zero vector by P. Therefore, the column space of () is contained within the null

space of P:
ColumnSpace(Q) € NullSpace(P)

e This subspace relationship implies an inequality between their dimensions:

dim(ColumnSpace(Q)) < dim(NullSpace(P))

e By definition, rank(Q) = dim(ColumnSpace(®)) and nullity(P) = dim(NullSpace(P)).
So:
rank(Q) < nullity(P)

e Now we apply the Rank-Nullity Theorem to matrix P, which is a 6 x 4 matrix (it has 4
columns):
rank(P) + nullity(P) = (number of columns of P) =4

e From this, we can express nullity(P) as: nullity(P) = 4 — rank(P).
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e Substituting this into our inequality:

rank(Q) < 4 — rank(P)

e Rearranging this gives Sylvester’s Rank Inequality for this case:

rank(P) + rank(Q) < 4

B. Evaluating the Options:
The derived, mathematically correct inequality is rank(P) 4 rank(Q)) < 4. Let’s examine the
options:

e (A) and (B) describe other subspace relationships which are not necessarily true.

e (D) is a specific case (r(P) + r(Q) = 4) which can happen but is not guaranteed. For
example, if P =0 and @ = 0, then r(P) +r(Q) =0 < 4.

e (C) states r(P) + r(Q) > 4. This contradicts our derived result r(P) + r(Q) < 4, unless
equality holds.

There seems to be an error in the question’s options or the provided answer key, as the correct
conclusion is a ’less than or equal to’ inequality, while the provided answer is a 'greater than
or equal to’ inequality.

Step 4: Final Answer

Based on standard linear algebra theorems, the correct relationship derived from the premises
is rank(P) + rank(Q) < 4. None of the provided options accurately reflect this general result.
The option (C) provided in the key is inconsistent with this derivation.

Q Quick Tip

If AB = 0, then the column space of B is contained in the null space of A. Always
combine this with the Rank—Nullity theorem. The theorem states r(A) + n(A) = num-
ber of columns of A.
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