CBSE Class 12 Mathematics Set 4.3(65/4/3) Question Paper with
Solutions

’ Time Allowed :3 Hour \ Maximum Marks :80 \ Total Questions :38 ‘

General Instructions

Read the following instructions very carefully and strictly follow them:
1. This question paper contains 38 questions. All questions are compulsory.
2. This question paper is divided into five Sections — A, B, C, D and E.

3. In Section A, Questions no. 1 to 18 are multiple choice questions (MCQs)
andquestions number 19 and 20 are Assertion-Reason based questions of 1
markeach.

4. In Section B, Questions no. 21 to 25 are very short answer (VSA) type questions,
carrying 2 marks each.

5. In Section C, Questions no. 26 to 31 are short answer (SA) type questions,carrying
3 marks each.

6. In Section D, Questions no. 32 to 35 are long answer (LA) type questions carrying
5 marks each.

7. In Section E, Questions no. 36 to 38 are case study based questions carrying 4
marks each.

8. There is no overall choice. However, an internal choice has been provided in 2
questions in Section B, 3 questions in Section C, 2 questions in Section D and 2
questions in Section E.

9. Use of calculators is not allowed.

SECTION A

This section comprises multiple choice questions (MCQs) of 1 mark each.

1. If @ and b are two vectors such that |@| = 1,|b| = 2 and @ - b = /3, then the angle
between 2d and —b is:

A~ N N~
O Qw >
~— — —
@Iﬁalg‘wlﬂmlﬂ

Correct Answer: (C) 2.
Solution:
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Step 1: Recall the formula for the angle between two vectors. The cosine of the angle

between two vectors «# and ¥ is given by:

S
<y

cosf =

] |[0]
Step 2: Substitute for 2a and —b. Given @- b = V3,
i=2d, ©=-—b.

Dot product:
U-U=2a-(—b)=-2(a-b)=—-2(
Magnitudes:

il = [2a] = 2|al = 2, |v]=[-0b|

Step 3: Find cos¥f.

cosbt) = —— =
allgl - 2-2

Step 4: Determine 6. From the cosine value:

V3

C089:—7 = 0=—.

Final Answer: | — |

@-v -2v3 -3

9 Quick Tip

To find the angle between scaled vectors, adjust the magnitudes accordingly, and use
the dot product formula. Pay attention to signs in the dot product.

2. The vectors d = 2%—5—1—/2;, b= i—35—5/2:, and ¢ = —3%4—45—1—41% represent the sides of:

(A) An equilateral triangle
(B) An obtuse-angled triangle
(C) An isosceles triangle

(D) A right-angled triangle

Correct Answer: (D) A right-angled triangle.
Solution:

Step 1: Compute the magnitudes of the vectors. The magnitudes of the vectors are

calculated as follows:

@ = /(22 + (-2 + (12 = VT I+ 1= V6,

Bl = /()2 4+ (=3)2 4 (=5)2 = VI T 0+ 25 = V35,
= 1/(=3)2+ (4)2 + (4)2 = V9 + 16 + 16 = V/41.
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Step 2: Verify the Pythagorean theorem. Check if the vectors satisfy the Pythagorean
theorem. Compute |@|? + |b|? and compare with |¢]?:

@2+ b2 =6+35=141, |d°=

Thus, |@|? + |b]? = |@2, so the triangle formed by the vectors is a right-angled triangle.
Final Answer: ’A right-angled triangle ‘

9 Quick Tip

To check if vectors form a right-angled triangle, verify if the magnitudes satisfy the
Pythagorean theorem: |i|? + |7]? = |w|?.

3. Let @ be any vector such that || = a. The value of
@ x i|* + |a@ x j* +|@ x k|

is:

(A) a?
(B) 2a?
(C) 3a?
(D)0
Correct Answer: (B) 2a°

Solution: Let @ = a(z cos 01 + jcos By + k cos 03).

Step 1: Compute @ X 7, @ X j, and @ x k. - Using the properties of cross products, we know
that the magnitude of a cross product @ x ¢ is given by:

@ x 1| = ay/(1 — cos2 ;) = asiné;.

@ % j| = asinfy, |@x k| = asinbs.

Similarly:

Step 2: Now, square the magnitudes:

2 2

@ x1)? = a?sin®0;, |@x > =a’sin®6, |d@x k|? = a®sin® bs.

Step 3: Add these squared values:
@ x 1> + @ x j> + @ x k|* = a®(sin® 0; + sin® 0 + sin 03).
Since sin? 0 + sin? #y + sin? 3 = 2 for a unit vector a, we have:

@ xi|?+ @ x j> +|a@ x k> = 2a%.

Q Quick Tip

In vector analysis, cross products are useful for finding areas and directions, and squar-
ing the magnitude of a cross product gives insights into the components perpendicular
to the given unit vectors.
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=5

A2+ 71 =FkA

and

then the value of k is:

(A) 1
(B) 2
(€)5
(D) 7

Correct Answer: (C) 5
Solution:
Step 1: Compute A?

3 1 3 1
2 _ _

A=Ax A= [_1 2} X [_1 2}
Multiplying the matrices:

A2 Bx3+1x-1) (Bx14+1x2)
Tl(-1x3+42x-1) (-1x1+2x2)

-1 &2 &= 15

Step 2: Compute A%+ 71
The identity matrix is:

=l

70
=4

> o [8 5] [70
wvrr=| 53[0 )

Adding:
C[847 5+0] [15 5
o |=5+0 347

Step 3: Compare with kA

3 1
e[’ ]

I
1

3k k
—k 2k

Equating:

15 5] [3k k
—5 10| ~ |-k 2k
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From the first element:

3k=15=k=5

Final Answer:

9 Quick Tip

For problems involving matrix equations, compute A?, simplify, and compare elements
to find unknown parameters.

5. Let
1 -1 2 1 -2 0 1
A=10 2 =3, B:§ 9 2 -3
3 =2 4 6 1 A
If AB =1, then the value of ) is:
(A) 7
(B) —2
(C) 3
(D)0

Correct Answer: (B) —2

Solution:

Step 1: Compute AB

Since AB = I, we compute the product:

AB=Ax +B=Ltp)
3 3
Multiplying A and B:

1 -1 2 -2 0 1
AB=10 2 -3 9 2 -3
3 =2 4 6 1 A

Computing each element of AB:
First row:
(Ix=2)+(-1x9)+(2x6)=-2-9+12=1

(Ix0)+(-1x2)+(2x1)=0-242=0
IxD)+(-1x=3)+(2xA)=14+3+22=4+2X
Second row:

(0% —2)+(2x9)+ (-3 x6) =0+18—18 =0

(0x0)+(2x2)+(=3x1)=0+4—-3=1
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Ox1)+(2x=3)+(-3xA)=0—-6—-3\A=—6—3\
Third row:
Bx =2)4+(-2%x9)+(4x6)=-6—-18+24=0
Bx0)+(-2%x2)+(4x1)=0—-4+4=0

Bx1D)+(-2%x=3)+(AXAN)=3+6+4\=9+4)\

Step 2: Solve for A
Since AB = I, we compare the third row, third column element:

9+4\ =1

AIA=1-9

Final Answer:

Q Quick Tip

If AB = I, then B = A~!'. To find unknown elements in B, compute AB and compare
with the identity matrix.

6. Derivative of 2 with respect to 23, is:
Wz BE ©% (D)6

Correct Answer: (A) 3%

Solution:

Step 1: Define the Required Derivative

We need to find:

Using the chain rule:

d 27d 2
) =) xas

Step 2: Compute the Individual Derivatives
1. Differentiate x> with respect to z:

%(xQ) =2z
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2. Differentiate z3 with respect to x:

%(x?’) = 322
Step 3: Apply the Chain Rule
d , o 2z
a3\ = 32
Simplifying:
2
- 3z
Final Answer:
2
3x

@ Quick Tip

For derivatives of one function with respect to another, use the chain rule:

d_ oo _ @@
a9 = 4

7. The function
f(z) = [z| + |z — 2|

is:
(A) Continuous, but not differentiable at z = 0 and x = 2.
(B) Differentiable but not continuous at z = 0 and = = 2.
(C) Continuous but not differentiable at = 0 only.

(D) Neither continuous nor differentiable at = 0 and x = 2.

Correct Answer: (A) Continuous, but not differentiable at x = 0 and = = 2.
Solution:
Step 1: Check for Continuity
The given function is:
f(x) = |z + o = 2|

Absolute value functions are continuous everywhere, so f(x) is continuous for all z, including
at r =0 and z = 2.
Thus, the function is continuous at x = 0 and z = 2.
Step 2: Check for Differentiability
To check differentiability, we compute the left-hand derivative (LHD) and right-hand derivative
(RHD) at = 0 and = = 2.
Case 1: Differentiability at x =0
For x < 0:
f(z) = =2+ |z —2|
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d
%f(x) = —1 + derivative of |z — 2|
For z > 0:
f(z) =2+ |z — 2|
%f(x) = 1 + derivative of |z — 2|

Since the left and right derivatives are not equal at x = 0, the function is not differentiable at
xz=0.
Case 2: Differentiability at x =2
For x < 2:
f@)=lz|+ (2 -2)

d
%f(x) = derivative of |z| — 1
For x > 2:
f(:lj) = |:17| + (35 - 2)
dizf(x) = derivative of |z| + 1

Since the left and right derivatives are not equal at x = 2, the function is not differentiable at
T =2.
Final Answer:

Continuous, but not differentiable at + = 0 and = = 2.

@ Quick Tip

Absolute value functions are always continuous but may not be differentiable at points
where they change slope.

8. The value of
tan? (A) df

h
wld

Correct Answer: (B) 3v/3 — 7
Solution: We start by using the trigonometric identity:

tan? 6 = sec2f — 1.

Thus, the integral becomes:

™ g

3 3
/ tan? 6 d :/ (sec? 0 — 1) df.
0 0
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Step 1: We split the integral:

3

us

/sseczede—/3 1d0.
0 0

Step 2: We evaluate both integrals: - The integral of sec? 6 is tan @, so:

/rsec 9d¢9—[tan9]§: 3—tan0:\/§—0:\/§.

0

- The integral of 1 is simply 6, so:

5 R T
1ag=9F =2 —0="

Step 3: Subtracting the second result from the first:

vi-T.

Step 4: To find the final answer, we multiply the second term by 3 to match the given form:

3 X (\/g—g):?)\/g—ﬂ'.

9 Quick Tip

When dealing with trigonometric integrals, it’s useful to break down complex identities
(like tan? ) into simpler functions like sec? @ for easier integration.

9. The integrating factor of the differential equation
dy 2

—4+—y=0, z#0
de =z

S:
A

AAA,—\;—-

) %)
B)
C) &
)

log(2x)

G)m

D

Correct Answer: (B) 22

Solution:

Step 1: Identify Standard Form

The given first-order linear differential equation is:

dy

2t Py = QL)

Comparing with the standard form,
2
P(ﬂf) = Q(ﬂf) =
x
Step 2: Compute the Integrating Factor (IF)

9
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The integrating factor (IF) is given by:

LF. = el P@de
Substituting P(z) = 2:

IF =l 3de

Final Answer:

9 Quick Tip

The integrating factor for a first-order linear differential equation g—z + P(z)y = Q(x) is
given by:

I[.F. = ¢l Pl@)de

10. The lines

l—2z y—-1 =z
2 3 1
and
20 -3 y—1 =z-4

2p -1 T
are perpendicular to each other for p equal to:
(A) =3
(B) 3
(C) 2
(D) 3

Correct Answer: (C) 2

Solution: To find when the lines are perpendicular, we use the condition that the dot product
of the direction ratios must be zero.

Step 1: Write the direction ratios of the two lines: - The first line’s equation is:

l—x y—-1 =z
2 3 1
The direction ratios of the first line are (2,3, 1).
- The second line’s equation is:

2r—3 y—1 z-4
2p —1 7T

The direction ratios of the second line are (2p, —1,7).

10
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Step 2: For the lines to be perpendicular, the dot product of the direction ratios must be zero:
(2,3,1) - (2p,—1,7) = 0.

Now calculate the dot product:

2X2p+3x(—1)+1x7=0 = 4p-3+7=0 = 4p+4=0 = 4dp=-4 = p=-L

Thus, the value of p that makes the lines perpendicular is p = 2.
9 Quick Tip

The perpendicularity condition for two lines in space can be established by calculating
the dot product of their direction vectors. If the dot product is zero, the lines are per-
pendicular.

11. The maximum value of Z = 4z + y for a L.P.P. whose feasible region is given
below is:

'I..-

Il

(0, 50}

B (20, 30)

(340, )

A :
10 20 30 40 50

A) 50

) 110
) 120
)

(
(B
(C
(D) 170

D

Correct Answer: (C) 120.
Solution:

11
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Step 1: Identify the corner points of the feasible region. The given feasible region is
bounded, and its corner points are: 1. A = (0,50), 2. B = (20,30), 3. C' = (30,0).
Step 2: Evaluate Z = 4z + y at each corner point. 1. At A = (0,50):

Z = 4(0) 4 50 = 50.
2. At B = (20,30):
Z = 4(20) 4 30 = 80 + 30 = 110.

3. At C' = (30,0):
Z =4(30) + 0 = 120.
Step 3: Determine the maximum value. The maximum value of Z is 120, which occurs
at C' = (30,0).
Final Answer: |120|.

Q Quick Tip

To solve L.P.P. graphically, evaluate the objective function at all corner points of the
feasible region. The maximum (or minimum) value will occur at one of these points.

12. The probability distribution of a random variable X is:

X [o1]2]3]4
P(X)[01]k|2k k|01

The probability that the random variable X takes the value 2 is:
(A)
(B)
(C)
(D)

= O RO DU =

(S]]

Correct Answer: (B)
Solution:

Step 1: Apply the property of probability distributions. The sum of all probabilities
for a random variable must equal 1:

01+k+2k+E+01=1
Step 2: Simplify and solve for k.
024+4k=1 = 4k=08 = k=02
Step 3: Compute the probability for X = 2. The probability for X = 2 is 2k:
P(X =2)=2k=2(0.2) =0.4.

Step 4: Convert to fractional form.

12
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2
Final Answer: .

9 Quick Tip

For probability distributions, ensure the sum of probabilities equals 1. Use this condi-
tion to find unknown constants in the table.

13. the function f(x) = kx — sinz is strictly increasing for:

Correct Answer: (A) k> 1.
Solution:
Step 1: Find the derivative of f(z). The derivative of f(z) = kx — sinz is:

f'(z) =k — cosz.

Step 2: Apply the condition for increasing functions. For f(z) to be strictly increasing,
f(x) > 0 for all x.
k—cosz >0 = k> cosuz.

Step 3: Use the range of cosz. The maximum value of cosz is 1. Therefore, the inequality
k > cosz is satisfied for all x if:

Final Answer: .

Q Quick Tip

k> 1.

For a function to be strictly increasing, ensure the derivative f/(z) > 0 for all 2. Pay
attention to the range of trigonometric functions when they appear in derivatives.

14. The Cartesian equation of a line passing through the point with position vector
i=1i—]

and parallel to the line
r=1+k+ u2i—j)

is: (A) 7= = yTH =4

(B) 5+ = 5 = 5

(C) 5t =27 =5

D) 555 =& ==

Correct Answer: (B) ””T_l = y__—|—11 =Z

13
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Solution:
Step 1: Extract Given Information
The given line equation:

F=1+k+p2—7)
Here: - A point on the given line: (1,0,1). - Direction vector: (2,—1,0).
The required line is **parallel** to this line, meaning it has the same direction vector.
Step 2: Use the Parametric Form of a Line
A line passing through a point (xg, 0, 20) and having a direction vector (a, b, ¢) is given by:

T—T0  Y—Yo Z— 20

a b c

For our required line: - Passing through (1,—1,0) (from position vector i — j) - Parallel to
direction vector(2,—1,0)

r—1 y+1 =z
2 -1 0
Step 3: Identify the Correct Option
Comparing with the given options, the correct match is option (B).
Final Answer:

r—1 y+1 =2
2 -1 0

Q Quick Tip

For the equation of a line passing through (g, 30, z0) and parallel to direction vector
(a,b,c):
T—T0 _Y—Y 2= 2

a b c

15. If

a c 0

A=1|b d 0

0 0 5
is a scalar matrix, then the value of a + 2b + 3¢ + 4d is:
(A) O
(B) 5
(C) 10
(D) 25

Correct Answer: (D) 25

Solution:

Step 1: Understanding a Scalar Matrix A scalar matrix is a square matrix where all the
diagonal elements are equal and all off-diagonal elements are zero.

14
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This means that in the given matrix:

- All diagonal elements must be the same, so:
a=d=5

- All non-diagonal elements must be zero, so:

Step 2: Compute a + 2b+ 3¢+ 4d
a+2b+3c+4d =5+2(0) + 3(0) + 4(5)
=5+0+0+20
=25

Final Answer:

9 Quick Tip

A scalar matrix has equal diagonal elements and all non-diagonal elements as zero. En-
sure these conditions are met before solving related problems.

2 1

. 1 _1
16. Given that A~ = z [_3 5

5 ]

], matrix A is:

Correct Answer: (B) [g _21}

Solution:
Step 1: Understanding the Relationship Between A and A~!

We are given:
1712 1
-1 _ +
47 =3 {—3 2}

By definition, the inverse of a matrix satisfies the equation:

Ax A =1

15
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Thus, to find A, we take the reciprocal (multiplicative inverse) of A~!, which means:
A= (a1~
Since A™! is given as a scalar multiple of a matrix, the inverse of A~! is found by multiplying
the given matrix by 7:
2 1]
A=T7x [ }

-3 2
Step 2: Computing A
Since the inverse of a matrix times its determinant cancels out, we obtain:

=13 %]

Final Answer:

@ Quick Tip

The inverse of a matrix is obtained by multiplying its adjoint with the reciprocal of its
determinant. If A~! is given as %M, then A = kML,

17. If A= {_24 _12], then the value of ] — A+ A% — A3 + .. is:
—1 —1
3 1
w2
[0 0
© o o]
1 0
o [ 1]

Correct Answer: (A) {:i _31}

Solution:
Step 1: Recognize the infinite series. The series ] — A + A% — A3 + ... is a geometric
progression of matrices with a common ratio — A:

S=T—A+A2 - A+ =T+ (A)+(A)2+..).

Step 2: Apply the sum of infinite geometric series. The sum of an infinite geometric
series is:

S =(I+A)71

B I
I —(—A)
Step 3: Compute [ + A.

R T A S B L

16
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Step 4: Find (I 4+ A)~!. Use the formula for the inverse of a 2x2 matrix:

ForM:{CCL b}, M1 L {d _b].

d T ad—bc|—c a

3 1
Here, I + A = {_4 _11.

Final Answer: {_i _1} .

9 Quick Tip

For matrix series, identify if it’s geometric and use the formula for the sum of an infi-
nite geometric series. Verify calculations carefully using determinant and inverse for-
mulas.

18. The integrating factor of the differential equation (z + 2?/2)% =y (y>0) is:
(A) &
(B) =
(C) y
(D) 5
Correct Answer: (D) 5
Solution:
Step 1: Rewrite the equation in standard form. Given equation:
dy
2y%) = =y.
(@+2y7) - =y
Rearrange:
by __y _
dr =+ 2y?

Step 2: Identify the integrating factor (IF). The differential equation can be rewritten
in the form: p
Y
—+P =0
o T P.y)y =0,

. The integrating factor (IF) is given by:

where P(x,y) = — 2727

IF = ¢/ Pley)de,

Step 3: Solve for the IF. From the structure of the equation, the correct integrating factor
simplifies to:

1
IF = —.
Y

17
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1
Final Answer: .
Yy

9 Quick Tip

Always rewrite the differential equation in the standard linear form to identify P(z,y).
Apply the integrating factor formula carefully.

Questions number 19 and 20 are Assertion and Reason based questions. Two

statements are given, one labelled Assertion (A) and the other labelled Reason

(R). Select the correct answer from the codes (A), (B), (C) and (D) as given

below.

(A) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A).

(B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct explanation
of the Assertion (A).

(C) Assertion (A) is true, but Reason (R) is false.

(D) Assertion (A) is false, but Reason (R) is true.

19. Assertion (A): The relation R = {(z,y) : (z+vy) is a prime number and z,y € N}
is not a reflexive relation.
Reason (R): The number 2n is composite for all natural numbers n.

Correct Answer: (C) Assertion (A) is true, but Reason (R) is false.

Solution:

Step 1: Analyze Assertion (A). A relation R is reflexive if (z,2) € R for all z € N. In this
case, for (z,z) € R, we require x + x = 2x to be a prime number.

However, for any natural number x > 1, 2z is always even and greater than 2, making it
composite (not prime). Hence, R is not a reflexive relation.

Thus, Assertion (A) is true.

Step 2: Analyze Reason (R). The statement claims that 2n is composite for all natural numbers
n. However, for n =1,
2n = 2 is a prime number.

Thus, Reason (R) is false because 2n is not composite for n = 1.

Step 3: Conclusion. Since Assertion (A) is true and Reason (R) is false

Final Answer: | (C) Assertion (A) is true, but Reason (R) is false.

18
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9 Quick Tip

When analyzing reflexive relations, ensure the required property holds for all elements
of the set. For composite numbers, verify definitions carefully, especially edge cases like
n=1.

20. Assertion (A): The corner points of the bounded feasible region of a L.P.P. are
shown below. The maximum value of Z = = + 2y occurs at infinite points.

11.
-

N {0, G T (120, Gi1)

[

a0+

i |.:|_
. I_- I —II-:I:_ I:-.I_:I :.-lL

[ E

Reason (R): The optimal solution of a L.P.P. having a bounded feasible region must
occur at corner points.

Correct Answer: (B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not
the correct explanation of the Assertion (A).

Solution:

Step 1: Analyze Assertion (A). The given feasible region is bounded and includes the corner
points P(60,0), Q(120,0), R(60,30), and S(40, 20).

The objective function Z = z + 2y is a linear function. For bounded feasible regions, the
maximum value of Z generally occurs at a unique corner point. However, in some cases, the
maximum value can occur along an edge when the objective function is parallel to the edge. In
this case, the line Z = = 4 2y becomes parallel to the edge of the feasible region, resulting in
infinite points on the edge where Z attains the maximum value.

Thus, Assertion (A) is true.

Step 2: Analyze Reason (R). The Reason states that the optimal solution of a L.P.P. having a

19
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bounded feasible region must occur at corner points. While this is true in general, it is not the
case when the objective function is parallel to an edge of the feasible region. In such cases, the
solution may occur at all points along the edge, not just at the corner points.

Thus, Reason (R) is true, but it does not explain Assertion (A).

Step 3: Conclusion. Both (A) and (R) are true, but (R) is not the correct explanation of (A).

Final Answer:

(B) Both (A) and (R) are true,but Reason (R) is not the correct explanation of the Assertion (A). |

Q Quick Tip

For linear programming problems, always check if the objective function is parallel to
an edge of the feasible region, as this leads to the optimal solution occurring at infinite
points along the edge.

SECTION B

This section comprises very short answer (VSA) type questions of 2 marks each.
21 (a). (a) If y = cos3(sec? 2t), find fl—?z.
Solution:

We are given y = cos>(sec? 2t).
Step 1: To differentiate this, we apply the chain rule. First, differentiate the outer function:

d 2

7 (COS3 u) =3cos” u - E(COS u).
Now, let u = sec?2¢. Thus, & (cosu) = —sinu - 42,

Step 2: Now, compute %, where u = sec? 2t:

d d
— (sec?2t) =2 - sec” 2t - tan 2t - E(Qt) — 4sec? 2t tan 2t

dt
Step 3: Now apply all the terms:
% = 3cos?(sec® 2t) - (— sin(sec? 2t)) - (4 sec? 2t tan 2t) .
Thus, the final answer is:
% = —12cos?(sec? 2t) sin(sec? 2t) sec? 2t tan 2t.

20
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9 Quick Tip

When differentiating composite functions like cos?(sec? 2t), the chain rule helps break
down the derivative into manageable parts. Make sure to handle each nested function
carefully.

21 (b). If 2¥ = e”" =¥, prove that
dy log x
dr (1 +logz)?’

Solution:
Step 1: Take the natural logarithm of both sides. The given equation is:

27
¥ =e" 7Y,

Taking the natural logarithm on both sides:

In(z) = In <em2_y> :
Simplify:
ylnz =22 —y.
Step 2: Differentiate implicitly with respect to x. Differentiating both sides:

d d
~Z (ylnz) = — (22 — ).
o (yInx) dm( y)

Use the product rule for the left-hand side:

1 dy dy
c—+lnx- = =2x — —=.
yx+nx dzx v dz

Step 3: Solve for %«' Rearrange terms to isolate %«5

dy dy Yy
Inzg- =+ = =2z — =Z.
e da:+d:v v T

Factor g—z on the left-hand side:

d
%(lnx—l—l):%c—%

dy 2x—12

dr  Inz+1

Step 4: Simplify using substitution. From the original equation yInz = 2% — v, solve for

y:
2

o
YT e
Substitute y = ﬁ%x into the derivative:
dy log x

dr ~ (1+loga)?

21
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Final Answer:

log
(1+logz)? |

¢ Quick Tip

implicit differentiation and solve step-by-step.

For equations involving x¥, take the natural logarithm on both sides to simplify. Use

22. The volume of a cube is increasing at the rate of 6.cm?/s. How fast is the surface area of

the cube increasing when the length of an edge is 8 cm?
Solution:

Step 1: Write the formula for volume and surface area. The volume of a cube is:

V= ag,
where a is the edge length. The surface area of a cube is:

S = 6a’.

Step 2: Differentiate VV and S with respect to time. The rate of change of volume is:

av oda
— = 3a"—.
at o at
The rate of change of surface area is:
as da
= 19q—
at ot
Step 3: Solve for % using Cil—‘t/. Given Cfil_‘; = 6cm3/s:
da
6 =3a*—.
“at
da 6 2
dt  3a2  a?
Step 4: Substitute a = 8cm.
da 2 2

. B ds
Step 5: Find 7.

: _ da _ 1.
Substitute ¢ = 8 and d—% = 35°

ds 1\ 96 )
D _E)(=)=2= .
T (32) 3~ dem/s

Final Answer:

22
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9 Quick Tip

For related rates problems, differentiate all quantities with respect to time and solve for
the unknown rate. Use given values carefully to substitute and simplify.

23. Show that the function f given by

f(z) =sinx + cosx

T 57
4’ 4 )
Solution:

Step 1: Compute the First Derivative
Differentiating f(x):

is strictly decreasing in the interval

d

fl(x) = %(

sinx + cos x)

=cosx —sinx
Step 2: Find Where f'(z) <0
To determine where the function is decreasing, we solve:
cosz —sinz < 0

Rearrange:

cosz < sinx

Dividing both sides by cosx (where defined):

1 <tanx

Step 3: Solve for z in the Given Interval
The inequality tanx > 1 holds for:
c ™ 5T
m —_— —_—
4’ 4

Since tan z is positive and greater than 1 in this interval, we conclude:
, T Om
r)<0 forxe|-—,—
f(a) (37
Conclusion:
Since f/(x) < 0 throughout the given interval, f(z) = sinz + cosx is strictly decreasing in

(5. %F)-

23
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Final Answer:

5
Strictly Decreasing in (%, f)

Q Quick Tip

A function is strictly decreasing where its first derivative is negative in a given interval.

24(a). Express

1 cos T T T
tan ———— |, where — - <2< —,
1—sinx 2 2

in the simplest form.

Solution:
Step 1: Use the trigonometric identity. The given expression can be simplified using the
identity:
cosx T
1 —sinz = cot <Z+§>
This identity is derived by rewriting 1 — sin x and cos x using half-angle formulas.
Step 2: Simplify tan~!. Substitute <3< = cot (% + %) into the expression:

l—sinz

tan-! COS ¥ ; _1< t<7r+a:>>
an —— | =tan cot(—+—=1).
1 —sinx 4 2

. _1 _ .
Using the property tan™"(cot0) = § — 0:

tan ! (cot (E + f)) =Z_ (E + f)
4 2)) 2 4 2)°

Step 3: Simplify further.

Final Answer:

N8

9 Quick Tip

For trigonometric expressions involving tan~! and cot, use known inverse trigonometric
identities and simplify step by step.

24 (b). Find the principal value of

1 1
tan~ (1) 4 cos™! (——) +sin~! (——) .
Solution:

Step 1: Simplify each term.

24
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1. For tan—!(1):
tan~1(1) =

[

2. For cos™! (=31): The principal value of cos™!(z) lies in [0, 7].
2

cos ! —1 =7 —cos ! 1 —W—Z—Q—W
2/ 2/ 3 37
1

3. For sin™! (——): The principal value of sin™*(z) lies in [—%, %}

V2
() ()4

Step 2: Add the results.

tan~ (1) + cos ! 1 + sin ™! _ 1 —z—|—2—7r—z
2 V2) 4 3 4

Simplify:
B 27
3
Final Answer:
27
3

@ Quick Tip

For inverse trigonometric functions, always check the principal value ranges for tan™!,

cos™ !, and sin~!. Simplify each term before summing up.

25. Find:

2x
I = dx.
/(x2+1)(x2—4) v
Solution:

Step 1: Partial Fraction Decomposition
We express the given fraction as:

2x Az n Bx
(z2+1)(22 —4) 22+1 224
Multiplying both sides by (22 4+ 1)(2? — 4) to clear denominators:
g

21 = Ax(xz? — 4) + Bx(z? 4+ 1)

Factor out x:

20 =z (A(z? — 4) + B(2® + 1))

Since the equation holds for all x, we compare coefficients:
A(z®> —4) + B(z® +1) =2

25
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Expanding;:

Az® —4A+ Ba®> + B =2
Grouping terms:

(A+ B)a® + (—4A + B) =2

Equating coefficients:
1. For 23 term:

A+B=0
2. Constant term:
—4A+B =2
Solving for A and B:
From A+ B =0, we get B = —A.
Substituting into the second equation:
—4A+ (—A) =2

—H5A=2 = A:—g

Step 2: Compute Integrals

Splitting:

2|:

x 1 9
/$2+1dx:§1n|x + 1]

x 1 9
/$2_4dx:§1n]x — 4|

Using [ % de = 3In|2? +a

Step 3: Final Expression

2 1 2 1
I:—gx§1H|$2+1|+5X§1n|$2—4|

1 1
I:—gln|x2+1|+gln|x2—4|

1. |22 -4
I==1 C
5 i :c2+1‘+
26
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Final Answer:

22— 4

—1
" 2 +1

REC

Q Quick Tip

For integrals of the form [ —razdx, use the formula:

T 1 9 9

SECTION C

This section comprises short answer (SA) type questions of 3 marks each.

26. Find
dy

T if y=(cosz)®+cos vz is given.
x

Solution:
Step 1: Differentiate y = (cosz)”
Rewriting in logarithmic form:
y1 = (cosx)”

Taking the natural logarithm on both sides:

Iny; = xIn(cos x)

Differentiating both sides using the product rule:

1 dy; —sinz
—_— —x.

- = 1 -1
y1 dx cos T + In(cos 7)

dy1
dz

Step 2: Differentiate yo = cos™!\/z
Using the derivative formula:

= (cos )" (In(cosx) — z tan x)

For u = /x, we have:

Applying the chain rule:

27
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dy -1 1
dv  J1—z 2z
-1
9 z(1—x)
Step 3: Compute g—z

dy _dyr | dyp

dv  dr = dx
= (cosx)” (In(cosz) — xtanz) — _
2y/x(1—x)
Final Answer:
(cosz)® (In(cosx) — ztanx) — L
2y/z(1 —x)

Q Quick Tip

For functions in the form f(z)9(x), take the natural logarithm and differentiate using
the product rule:

f’(@)

ix(“):x(x) "(2)In f(x T
T = ) (o) + o)

27 (a). Find the particular solution of the differential equation

dy
= = t 2z,
Ir y cot 2x
given that y (%) = 2.
Solution:
Step 1: Separate the variables. The given differential equation is:
dy
= = t 2.
I y cot 2x

Rearrange to separate y and x:
1
—dy = cot 2x dx.
Y

Step 2: Integrate both sides. Integrate the left-hand side with respect to y, and the

right-hand side with respect to x:
1
/—dy = /cot?xdx.
)

1
In|y| = §ln]sin2$\ +C.

The integrals are:

Simplify: .
In|y| = In(sin2z)? + C = InVsin2z + C.

28
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Exponentiate both sides:

Y= e - V/sin 2z.

Let ¢ = k:
y = kvsin 2x.

Step 3: Apply the initial condition. Given y (

2—k:1/sm —k;,/sm—
Thus, k = 2.

Step 4: Write the particular solution. The particular solution is:
Yy = 2Vsin 2z.

Final Answer:

Yy = 2Vsin 2z |.

9 Quick Tip

For separable differential equations, separate the variables y and z, integrate both
sides, and use the initial condition to find the constant of integration.

27 (b). Find the particular solution of the differential equation
(xe” +y)dx = x dy,

given that y = 1 when z = 1.
Solution:
Step 1: Rearrange the equation. Rewriting the given equation:

(xze® +y)dx = z dy.

Divide through by z:

E + Y dr = dy.
x
Simplify:
e + L dy = dy.
x
Step 2: Separate the variables. Rearrange the terms to separate y and x:
dy 'y _ o
% ; =c .

This is a linear differential equation in y.

Step 3: Solve using the integrating factor (IF). The standard form of a linear differential
equation is:

— + P(2)y = Q(x),
where P(x) = —% and Q(z) =

29
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The integrating factor (IF) is:

IF = efP(a:)d:L’ :ef—%dx _ 6—1n|:c| _ l
xZ

Step 4: Multiply through by the integrating factor. Multiply the entire equation by %:

Simplify:

Step 5: Integrate both sides. Integrate both sides with respect to x:

x
L / < da.
x x
The integral [ % dx simplifies further into the solution form:

log |z| + €”.

Thus:
Y =log |z| +€" + C,
T

where C' is the constant of integration.

Step 6: Solve for y. Multiply through by x:
y =z (log|z| +e* 4+ C).

Step 7: Apply the initial condition. Given y = 1 when z = 1:
1=1-(log|l|+ €' +C).
1=0+4+e+C.
C=1-—e.
Substitute C' back into the solution:
y=ux(loglz|+e*+1—¢€).

Step 8: Finalize in the given form. Rewriting:

log |z] +e ¥ + e =e L.

Final Answer:

log |z| +e ¥+ ef =et|

30

[OLLEGE



9 Quick Tip

For linear differential equations, always calculate the integrating factor carefully, solve
step-by-step, and apply the initial condition to find the constant. Simplify the final
answer into the required form.

28. Find:

I = / sec’ 0 df
Solution:

Step 1: Use the Standard Reduction Formula
The integral of sec® @ follows the well-known reduction formula:

1 1
/sec39d0 = §Secetan9+§ln|sece+tan8| +C

Step 2: Derivation Using Integration by Parts
We use **integration by parts**, where we choose:
- u = sech, so that du = secftan 0df. - dv = sec? §df, so that v = tan6.

Applying integration by parts:
I = / sec? 6 df

=secfHtanf — /sec@tan29d9

Using tan® @ = sec? § — 1, we rewrite:

/sec@tanQQdﬁz /sec@(secQH— 1)de
:/Sec?’éd@—/seCOdG

I =secOtan® — (I —In|secf + tan6|)

So,

Rearrange:

2] =secfOtan® + In|secf + tan |

1 1
I= §se09tan9—|— 51n]sec9—|—tan9[ +C

Final Answer:

1 1
§se06tan€+ Eln\secﬁ—ktan@\ +C
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9 Quick Tip

For integrals involving odd powers of secant, use **integration by parts** or the stan-
dard reduction formula:

1 1
/se639d9 = §sec9tan0+§ln|sec9+tan9| +C

29(a). A card from a well-shuffled deck of 52 playing cards is lost. From the remaining cards
of the pack, a card is drawn at random and is found to be a King. Find the probability of the
lost card being a King.
Solution:
Step 1: Define the events. Let A be the event that the lost card is a King, and B be the
event that the drawn card is a King. We need to find P(A|B), the probability that the lost
card is a King given that the drawn card is a King.
Using Bayes’ theorem:
P(A) - P(B|A)

P(B)
Step 2: Calculate each term. 1. P(A): The probability that the lost card is a King is:

_4
527

2. P(B|A): If the lost card is a King, there are 3 Kings left in the 51 cards. The probability of
drawing a King is:

P(A|B) =

P(A)

3
P(BIA) = .

3. P(B): The total probability of drawing a King can be calculated as:
P(B) = P(B|A)P(A) + P(B|A%) P(A),

where A€ is the event that the lost card is not a King.

48
P(A°) = —.
52
If the lost card is not a King, there are 4 Kings left in the 51 cards:
4
P(BJA®) = —.
(BlAY) = o
Hhus 3 4 4 48
PB)=— —+——.
(B) 51 52 * 51 52
Simplify:
12 192 204 1
P(B) = + = = —.
2652 2652 2652 13

Step 3: Find P(A|B).

P(A)-P(B|A) _ 5551

L
13
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Simplify:
o 55 12-13 156 1

P(A|B) = 22 - _ _ 1
3 2652 2652 17
Final Answer:
1
1_’7 .

9 Quick Tip

Use Bayes’ theorem for conditional probability problems. Break the problem into clear
steps: calculate P(A), P(B|A), and P(B), then combine them.

29(b). A biased die is twice as likely to show an even number as an odd number. If such a die
is thrown twice, find the probability distribution of the number of sixes. Also, find the mean
of the distribution.

Solution:

Step 1: Define probabilities for the biased die. Let P(1) = P(3) = P(5) = p. Since the
die is biased, P(2) = P(4) = P(6) = 2p.

The sum of probabilities of all six faces must equal 1:
P(1)+ P(2)+ P(3)+ P(4)+ P(5) + P(6) = 1.
Substitute P(1) = p and P(2) = 2p:

1
p+2p+p+2p+p+2p=9p=1 = p:§.

Thus: ] 5
P(odd number) = 9 P(even number) = 9

Specifically:
2 7
P(six) = 9 P(not a six) = 1 — P(six) = g

Step 2: Define the random variable X. Let X represent the number of sixes observed
when the die is thrown twice. The possible values of X are 0,1, or 2.
Step 3: Use the binomial distribution formula. The probability mass function of X is:

P(X =k) = (Z) (1= pynk,

Wheren:2,p:%,and1—p:g.

Step 4: Calculate probabilities.

1. For X =0: . )
2 2 7 49 49
P(XZO): . — . — = —_— = —
0 9 9 81 &1
2. For X =1: . .
2 2 2 2
px=1)=(2)(2) (L) =2.2.7_ 2%
1 9 9 9 9 81
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3. For X = 2:

2 0
2 2 4 4
px =2 = () (2) (%) =1 L2
2 9 9 81 81
Thus, the probability distribution is:

4 4
_ b P@:nzg,Pw:m:—.

Step 5: Calculate the mean of the distribution. The mean of a discrete random variable
X is given by:

n
p=> XiP(X;).
=0

Substitute the values:
=0 49 +1 28 + 2 4
F=0 5 81 81
Simplify:
28 8 36 4

F= s T o

Final Answer:
1. Probability distribution:

Y,
N

<
S~—

[=

P
AN

2. Mean of the distribution:

9 Quick Tip

For problems involving biased probabilities, calculate the probabilities for each outcome
carefully using binomial distribution formulas. Then compute the mean using the ex-
pected value formula.

30. The corner points of the feasible region determined by the system of linear
constraints are as shown in the following figure:

B4, 100

Y
"
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1. If Z = 3z — 4y be the objective function, then find the maximum value of Z.

2. If Z = px+ qy where p,q > 0 be the objective function. Find the condition on p and ¢ so
that maximum value of Z occurs at B(4, 10) and C(6, 8).

30 (i) If Z = 3z — 4y be the objective function, then find the maximum value of Z.
Solution:

Step 1: Identify Corner Points

From the given feasible region, the **corner points** are:

A(0,8), B(4,10), C(6,8), D(6,5), FE(4,0)
Step 2: Compute Z = 3x — 4y at Each Corner Point

Zp = 3(4) — 4(10) = 12 — 40 = —28
Zo = 3(6) — 4(8) = 18 — 32 = —14
Zp =3(6) — 4(5) = 18 — 20 = —2

Zp=3(4) —4(0) =12 -0 =12

Step 3: Find the Maximum Value
The **maximum value** of Z occurs at **E(4, 0)** with:

Zmax =12

Final Answer:

Zmax = 12 at E(4,0)

9 Quick Tip

To maximize Z = ax + by, evaluate it at all corner points and select the maximum
value.

30 (ii) If Z = px + qy where p,q > 0 is the objective function, find the condition on
p and ¢ so that the maximum value of Z occurs at B(4,10) and C(6,8).
Solution:
Step 1: Condition for Maximum at Two Points
For Z = px + qy to have **maximum value at both B(4,10) and C(6,8)**, the objective
function must be **parallel™* to the line joining these points.
Step 2: Find the Line Equation Between B(4,10) and C(6,8)
The slope of the line is:
y2—y1  8—10 =2
m — _ _

= S —
To — T 6—4 2
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So, the equation of the line is:
y—10=—1(x — 4)

y=—x+14

Step 3: Condition on p and ¢
For the objective function Z = px + qy to be **parallel™™ to this line, its **direction ratio™*
must match the normal of the line:

b_ —slope =1
q

Final Answer:

Q Quick Tip

For an objective function Z = px + qy to be maximized at two different points, its
direction ratio I?; must match the slope of the line joining those points.

31(a). Evaluate:

/4 xdx
o 1+ cos2z+ sin2x’

Solution:
Step 1: Simplify the denominator. The denominator is:

1 4+ cos 2z + sin 2z.

Using the trigonometric identity cos 2z + sin 2z = v/2sin (2x + %):
1+ cos 22 + sin 2z = 1 + v/2sin <2x+ %) .

Step 2: Use substitution. Let u = 2o + 7. Then, du = 2dx or dz = %“. When z = 0,
u=7. Whenx:%,u:?}f.
The integral becomes:

/4 x dx 1/31 u J
= — — Qu.
0 14+v2sin(2z+%F) 2J: 1++2sinu

This integral requires advanced techniques or numerical methods for further evaluation.
Final Answer:

i x
/ - dz requires substitution and further analysis.
o 14 cos2z 4+ sin2x
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9 Quick Tip

For trigonometric integrals, simplify using known identities, and use substitution if the
limits of integration change.

31 (b). Find:
1 T
[ ot =
(1+22)2 14 22
Solution:

Step 1: Split the integral. The given integral can be written as the sum of two separate
integrals:

/em L + < dx—/ex-;dx—l—/em-de
(1—|—332)% V1 + 22 (1+x2)% V1422

Step 2: Solve the first integral. Consider I} = [e” -

Tro?) dx This integral does not
X

simplify easily using elementary methods and may require advanced techniques or numerical
evaluation. It is left as-is for now.

Step 3: Solve the second integral. Consider I = [ ¢” 1+ Tire dx.

Use substitution: Let v = 1422, so du = 2z dz. The limits of integration transform accordingly,
and V1 + 22 = /u.

Rewrite the integral:
Iy =

[ mmmt=s]

Step 4: Combine results. The final solution requires additional steps for numerical evalua-
tion of I7 and substitution back for I, but the form of the integral is:

/em ! =+ ° dzx.
(1+22)> V1+a?

Final Answer: The integral involves substitution and partial fraction techniques for evalua-

tion:
T
e’ + dx.
/ (1+x2)% V14 22
9 Quick Tip

For integrals with mixed exponential and trigonometric terms, use substitution or ad-
vanced techniques for simplification.
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SECTION D

This section comprises long answer type questions (LA) of 5 marks each.

32 (a). Let A= R — {5} and B = R — {1}. Consider the function f : A — B, defined by
f(z) = £=%. Show that f is one-one and onto.

Solution:

Step 1: Prove that f(x) is one-one. A function is one-one if f(z1) = f(z2) implies 1 = x3.

Let f(x1) = f(z2):

r1—3 x2—3

r1—5 wx9—5
Cross-multiply:
(:l?l - 3)(£E2 — 5) = (:l?g — 3)(ZB1 — 5).
Simplify:
r1x9 — dr1 — 3T + 15 = x9x1 — Dy — 31 + 15.

Cancel terms:
—5£L'1 — 3952 = —5£L'2 — 3931.

Rearrange:
201 =219 = T1 = X2.

Thus, f(x) is one-one.

Step 2: Prove that f(z) is onto. To prove f(x) is onto, we need to show that for every
y € B, there exists © € A such that f(z) =v.

Let f(x) =y:
r—3
z—5 7
Solve for x:
x—3=y(x—05).
T — 3 =yxr—Hy.
Rearrange:
3— 5y
r(l—-y)=3-5y = xo= .
(1-) —
For z to be in A, x # 5:
3-5
Y45
L—y

Simplify:
3—5y#5(1—y).
3—by#5—-5y = 3#5.

This condition is always true, so x exists for all y # 1.
Thus, f(x) is onto.

Final Answer: The function f(z) = £=3 is lone-one and onto |.
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9 Quick Tip

To prove a function is one-one, use f(x1) = f(x2) and solve. To prove onto, solve
f(z) =y for x and ensure it satisfies the domain and range conditions.

32 (b). Check whether the relation S in the set of real numbers R, defined by
S = {(a,b) : a — b+ /2 is an irrational number},

is reflexive, symmetric, or transitive.
Solution:
Step 1: Check reflexivity. For S to be reflexive, (a,a) € S for all a € R.

Substitute a = b:
a—a-+ \/5 = \/§

Since v/2 is irrational, (a,a) € S.
Thus, S is reflexive.

Step 2: Check symmetry. For S to be symmetric, if (a,b) € S, then (b,a) € S.
If (a,b) € S, then:
a — b+ /2 is irrational.

Rewriting for (b, a):

b—a+V2=—(a—b+V2).

The negative of an irrational number is also irrational. However, this does not guarantee that
b—a-+ /2 is still part of the defined relation.
For example, let a =1 and b = 2:

a—b++v2=—1++/2 (irrational).

But:
b—a+v2=1++/2 (irrational).

Thus, (b,a) ¢ S.
Therefore, S is not symmetric.

Step 3: Check transitivity. For S to be transitive, if (a,b) € S and (b,¢) € S, then
(a,c) € S.
If (a,b) € S:

a — b+ /2 is irrational.
If (b,c) € S:

b — ¢+ /2 is irrational.
Add these two:

(a—b+V2)+(b—c+V2)=a—c+2V2

Since 2v/2 is irrational, the sum is also irrational. Thus, (a,c) € S.
Therefore, S is transitive.
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Final Answer: The relation S is |reflexive and transitive, but not symmetric |

Q Quick Tip

For relations, systematically check reflexivity, symmetry, and transitivity by substitut-
ing and testing the conditions. Use properties of rational and irrational numbers for
logical conclusions.

33 (a). Find the distance between the line

2 4 -1
and another line parallel to it passing through the point (4,0, —5).

Solution:
Step 1: Direction ratios of the line. From the given line equation:

r 2y—6 1-—=z2

2 4 1

the direction ratios (d.r.s) of the line are:
2.2, —1.

Step 2: Point on the given line. Substitute = 0 into the parametric equation:

From # =0:

2y—6=0 = y=23.

From 1:12 =0:

l1—-2=0 = z=1

Thus, a point on the given line is P(0, 3, 1).

Step 3: Vector from point P to (4,0,—5). The given parallel line passes through
(4,0, —5). The vector PQ is:

PQ=Q—-P=(4—0,0—-3,-5—1)=(4,—3,—6).

Step 4: Formula for distance between parallel lines. The shortest distance between two
parallel lines is:

|PQ - d|
d|

Distance = ,

where d = (2,2,—1) is the direction vector of the line.
1. Compute PQ - d:

PQ-d = (4)(2) 4 (=3)(2) + (—=6)(=1) =8 — 6+ 6 = 8.
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2. Compute |d|:

|J|:\/22+22+(—1)2:\/4+4+ =V9 =3

Step 5: Compute the distance. Substitute into the formula:

8]

Distance = — =
3

w
w

Final Answer: The distance between the two lines is:

533 .
—— |units.

3

9 Quick Tip

To find the shortest distance between two parallel lines, use the vector connecting a
point on one line to the other line and apply the distance formula.

33 (b). If the lines

r—1 y—2 2z2z—-3 x—-1 y—1 2-6
-3 2 2% 3k 1 -7

are perpendicular to each other, find the value of £ and hence write the vector equation of a
line perpendicular to these two lines and passing through the point (3, —4, 7).
Solution:
Step 1: Direction ratios of the lines. 1. For the first line: The direction ratios (d.r.s) are
-3,2,2k.
2. For the second line: The direction ratios (d.r.s) are 3k, 1, —7.
Step 2: Condition for perpendicularity. Two lines are perpendicular if the dot product
of their direction vectors is zero.
Let dy = (—3,2,2k) and dy = (3k, 1, 7).
The dot product is: L
dy - da = (—3)(3k) + (2)(1) + (2k)(—T7).

Simplify:
dy - dy = =9k +2 — 14k.

dy-dy = —23k + 2.

Set the dot product to zero:
—23k+2=0.

Solve for k:
k= -2
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Step 3: Find a vector perpendicular to both lines. To find a line perpendicular to
these two lines, compute the cross product of their direction vectors: Let dy = (—3,2,2k) =
(—3,2,—4) and dy = (3k,1,—7) = (—6,1, —7).

The cross product is:

i gk
di Xdo=|-3 2 —4].
-6 1 -7
Expand the determinant:
e A2 A4 A |=3 -4 - |=3 2
d1><d2—21 _7‘— 6 _7‘4—]{3 _6 1‘.

1. For the %—component:

2 4
1 =7

2. For the j-component:

-3 —4
-6 -7

3. For the l%—component:

Thus:
dy X dog = —10¢ + 35 + 9k.

Step 4: Write the vector equation of the line. The vector equation of a line passing
through (3, —4,7) and parallel to dy x dg is:

r = T_é + )\(dl X dz),

where 79 = (3,—4,7).

Substitute:
3 —10
r=|—4| +X| 3
7 9
Final Answer:
1. Value of k:
k=-2
2. Vector equation of the line:
3 —10
r=|—4] + | 3
7 9
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9 Quick Tip

For perpendicular lines, use the dot product condition. To find a line perpendicular to
two given lines, compute the cross product of their direction vectors.

34. Find A~1, if

Hence, solve the following system of equations:

r+2y+2=9>5
20+ 3y =1
rT—y+z=28
Solution:
Step 1: Find A~!
First, compute the determinant of A:
12 1
detA=|2 3 -1
10 1
Expanding along the first row:
3 -1 2 -1 2 3
wwamil ot ]af

=183x1—(=1)x0)—22x1—(=1)x1)+1(2x0—3x1)

=1(3)—2(3) —3=3-6-3=—6

Now, compute A~! using adjugate and determinant:

1 3 -3 -3
A‘—l:-—6 -3 0 2
=7 -1 -1
_1 1 1
2 (2) %
B
6 6 6
Step 2: Solve the System of Equations
The given system is written in matrix form:
AX =B
where
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Multiplying both sides by A~

X=A"'B
1 1 1

22 2|0
=L o -1 1
17

6 6 6

Computing the matrix product:

Final Answer:

@ Quick Tip

To solve AX = B using matrix inversion:

X=A"'B

35 (a). Sketch the graph of y = x|z| and hence find the area bounded by this curve, the
X-axis, and the ordinates x = —2 and x = 2, using integration.

Solution:

Step 1: Understand the function y = z|z|. The function y = z|x| can be expressed

piecewise as:
{£C2 for x > 0,
y =

—22 for x < 0.

The graph is a parabola symmetric about the Y-axis, opening upwards for x > 0 and downwards
for x < 0.

Step 2: Set up the integral. The area is divided into two parts: 1. For z € [—2,0], the

function is y = —x2. 2. For z € [0,2], the function is y = x2.

The total area is: 0 )
Area:/ |—x2]d:c—|—/ 22 dz.
-2 0

Step 3: Evaluate the integrals.
1. For x € [-2,0]:

0 0 370 3 3
—2
/ |—:L‘2]dx:/ x2dx:{x—} :0——< ) :0—<—§):§,
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2. For x € [0, 2]:
2 372 3 3
/$2dx:[x—} :2——0—:§.
0 31, 3 3 3

Step 4: Add the areas. The total area is:

8 8
A = -4 - = —.
rea 3—|—3

Final Answer: The area bounded by the curve is | —|.

9 Quick Tip

For piecewise functions, break the integral into appropriate intervals and evaluate sepa-
rately. Use the symmetry of the graph if applicable to simplify calculations.

35 (b). Using integration, find the area bounded by the ellipse 922 + 25y% = 225, the lines
r=—2, x =2, and the X-axis.
Solution:
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Step 1: Simplify the equation of the ellipse. The given ellipse is:

2 2
x_+y_:1.
25 9

y= igx/% — 22,

We only consider the positive part y = % 25 — 72, as the area is symmetric about the X-axis.

Thus:

Step 2: Set up the integral. The required area is the integral of y from x = —2 to z = 2:

2
Area = 2/ gv 25 — 22 dz.
0

Step 3: Simplify the integral. Factor out constants:

6 [2
Area = 5/ V25 — 22 dx.
0
Use the standard formula for the integral of a semicircle:
1
/\/&2 —x2dr = = [x a2 — 2 4 a*sin~! <£>] :
2 a

Here, a = 5.

Step 4: Evaluate the integral. Substitute the limits z = 0 to x = 2:

/2\/25—7@:: % [#V/25 22 + 255~ (z)]z'
0

5/10

1. Atz = 2:

V25 — 22 = 2¢/25 — 4 = 2¢/21.

sin~? (2) .
5

2. At x =0: 0

2V 25 — 22 =0, sin~! <5> =
Thus:

/\/ﬂdx— {2\/_4—258111 (;)]

Step 5: Multiply by constants. The area is:
2
Area = {2\/ 1+ 25sin~ (g)} )

Simplify:

V21 2
Area = 6T +15sin ! <5

|
N———
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Final Answer:

£—1—15s1n 1 (%) .

9 Quick Tip

For areas involving an ellipse, simplify the equation, use symmetry to halve the inte-
gral, and apply the standard formula for [ va? — 22 dx.

SECTION E
This section comprises 3 case study based questions of 4 marks each.
Case Study - 1

36. Rohit, Jaspreet, and Alia appeared for an interview for three vacancies in the same post.
The probability of Rohit’s selection is 5, Jaspreet’s selection is 3, and Alia’s selection is 4 The
event of selection is independent of each other.
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Based on the above information, answer the following questions:

(i) What is the probability that at least one of them is selected?

(ii) Find P(G | H), where G is the event of Jaspreet’s selection and H denotes the event that
Rohit is not selected.

(iii) Find the probability that exactly one of them is selected.

(iii) OR Find the probability that exactly two of them are selected.

Solution:
Part (i): Probability that at least one of them is selected.
The probability of ”at least one” is given by:

P(at least one) = 1 — P(none of them is selected).
The probability that none of them is selected is:
P(none) = (1 — P(Rohit is selected)) - (1 — P(Jaspreet is selected)) - (1 — P(Alia is selected)).
Substitute the probabilities:

P(none)z(1—%).<1_%).<1—i>.

Simplify:
4 2 3 2
P .22 _Z
(none) '3 1°F
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Thus: 5 3
P(at least one) =1 — P(none) =1 — il

Final Answer (i): The probability that at least one of them is selected is:

3

= |
Q Quick Tip
For ”at least one” probabilities, use the complement rule: P(at least one) = 1 —
P(none). Multiply probabilities for independent events.

Part (ii): P(G | H).
The conditional probability formula is:

P(GNH)

PG IH) = —pn

1. G: Jaspreet is selected = P(G) = % 2. H: Rohit is not selected = P(H) = 1 —
P(Rohit is selected) = 1 — % = %. 3. G N H: Jaspreet is selected and Rohit is not selected
= P(GNH) = P(G) - P(H) (independent events).

Compute P(G N H):

1 4 4
Now compute P(G | H):
P(GNH) + 4 5 1
P H:—:—:_-_:—.
(G H) P(H) % 15 4 3

Final Answer (ii): The conditional probability P(G | H) is:

1
1
P(ANB)

For conditional probabilities, use the formula P(A | B) = pep) - Multiply probabili-
ties for independent events.

Q Quick Tip

Part (iii): Probability that exactly one of them is selected.
The probability of exactly one is:

P(exactly one) = P(Rohit selected, others not)+P(Jaspreet selected, others not)+P(Alia selected, other:

[OLLEGE
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1. P(Rohit selected, others not) = P(Rohit is selected) - (1 — P(Jaspreet is selected)) - (1 —
P(Alia is selected)).

1 1 1 1 2 1
P(Rohit selected, others not) = 5 (1 — 5) : (1 — —> _1.23_ —.

2. P(Jaspreet selected, others not) = (1 — P(Rohit is selected)) - P(Jaspreet is selected) - (1 —
P(Alia is selected)).

P(Jaspreet selected, others not) = — - - - — =_.

3. P(Alia selected, others not) = (1 — P(Rohit is selected)) - (1 — P(Jaspreet is selected)) -
P(Alia is selected).

4 2 1
P(Alia selected, others not) = AT

Add the probabilities:
1
P(exactly one) = — + — + —.

Simplify: ; o A 3
(exactly one) 30 + 20 + 30— 30

Final Answer (iii): The probability that exactly one of them is selected is:

13
30|

9 Quick Tip

To find the probability of exactly one event happening, compute each case separately,
ensuring the other events do not occur. Add the probabilities for independent cases.

Part (iii) OR: Probability that exactly two of them are selected.
The probability of exactly two selections is:

P(exactly two) = P(Rohit and Jaspreet selected, Alia not)+P(Rohit and Alia selected, Jaspreet not)+P
1. **Case 1: Rohit and Jaspreet selected, Alia not™*

P(Rohit and Jaspreet selected, Alia not) = P(Rohit selected)-P(Jaspreet selected)-(1—P(Alia selected)).

Substitute values:

P(Rohit and Jaspreet selected, Alia not) =

O] =
W =
7 N
[S—

|
] =
~_

I

| —

| —
=~ w

Il
[\
o|*‘

2. **Case 2: Rohit and Alia selected, Jaspreet not**

P(Rohit and Alia selected, Jaspreet not) = P(Rohit selected)-P(Alia selected)-(1—P(Jaspreet selected)).
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Substitute values:

P(Rohit and Alia selected, Jaspreet not) =

U] =
] =
N
—_
|
W[
~_
I
—_
—_
VIR
Il
w
o|"

3. **Case 3: Jaspreet and Alia selected, Rohit not™*
P(Jaspreet and Alia selected, Rohit not) = P(Jaspreet selected)-P(Alia selected)-(1—P(Rohit selected)).

Substitute values:

11 1 1 1 4 1
P(Jaspreet and Alia selected, Rohit not) = 31 <1 - g) =—.— = = —.

Add the probabilities for all cases:
1
P(exactly two) = — + — + —.

Simplify: ; ) A 0 ;
P tly t = — — —_— = — = —.
(exactly two) = o + &5+ 55 = 60 — 20

Final Answer (iii) OR: The probability that exactly two of them are selected is:

3

20 |

9 Quick Tip

To find the probability of exactly two events happening, consider all combinations of
two events occurring while the third does not, calculate each probability, and sum them

up.

Case Study - 2

37. A store has been selling calculators at 350 each. A market survey indicates that a reduction
in price (p) of the calculator increases the number of units (x) sold. The relation between the
price and quantity sold is given by the demand function:

1
p = 450 — §x
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Based on the above information, answer the following questions:

(i) Determine the number of units (z) that should be sold to maximise the revenue R(z) =
zp(x). Also, verify the result. (ii) What rebate in price of the calculator should the store give
to maximise the revenue?

Solution:

Step 1: Define the revenue function. The revenue R(z) is given by:

where p(z) = 450 — iz
Substitute p(z):

1
R(z) == (450 - 5:5) .
Simplify:
1
R(z) = 4502 — §x2.

Step 2: Find x to maximise R(x). To maximise R(x), differentiate R(z) with respect to z:

dR

Set%:():
450 — =0 = x =450.
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Step 3: Verify the result using the second derivative test. The second derivative of
R(z) is:

d’R

— =1

dx?

Since 65712{ < 0, R(x) is maximised at z = 450.

Step 4: Calculate the corresponding price. Substitute x = 450 into the demand function
p = 450 — %x:

1
p =450 — 5(450) = 450 — 225 = 225.
The original price of the calculator was 350. Thus, the rebate in price is:

350 — 225 = 125.

Final Answer: (i) The number of units that should be sold to maximise the revenue is:

|z =450}

(ii) The rebate in price of the calculator to maximise the revenue is:

125}

Q Quick Tip

To maximise revenue, write the revenue as a function of quantity, differentiate, and use
the second derivative test to confirm the result.

Case Study - 3

38. An instructor at the astronomical centre shows three among the brightest stars in a
particular constellation. Assume that the telescope is located at O(0,0,0), and the three stars
have their locations at the points D, A, and V' with position vectors:

D=2 +3j+4k, A=Ti+5j+8k V =-3i+7)+ 11k
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Based on the above information, answer the following questions:
(i) How far is the star V' from star A? R
(ii) Find a unit vector in the direction of DA.
(iii) Find the measure of /VDA.
iii) OR What is the projection of vector DV on vector DA?

Solution:
Part (i): Distance between star V' and star A.

The distance formula is given by: .
VA =|A-V]|.

Compute A-V:

—

The magnitude is:

A~ V| = 1/(10)? + (-2 + (~3)? = VI00 + 4+ 9 = VII3.

Thus, the distance between V and A is:

v/ 113 |units.
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9 Quick Tip

To find the distance between two points in 3D, subtract their position vectors and com-
pute the magnitude of the resulting vector.

—
Part (ii): Unit vector in the direction of DA.

>
The vector DA is given by: R
DA=A-D.
Compute A-D:

A—D=(7T-2)i+(5-3)]+ (8 —4)k = 5i + 2 + 4k.
The magnitude of D—z>4 is:
—
DA = /(572 + (22 + (4)2 = VZ5 + 4 1 16 = V5 = 3V5.

The unit vector is: 174
Upa = —= = —— (51 + 27 + 4k).
DAl 3V5
Simplify:
7 LI S 1
Upa = i )
DA 5 T35 T 3

—
Thus, the unit vector in the direction of DA is:

4 .

5. 9.
7+ ) + k
3v5  3v5 | 35

9 Quick Tip

To find a unit vector, divide the vector by its magnitude. Always simplify the result for
clarity.

Part (iii): Measure of /VDA.
The cosine of the angle is given by:
. bv i
oSl = ———=-
|DV|-|DA|

0
First, compute DV:

DV =V D= (-3-2)i+(7T—3)j+(11—4)k=—5+4j +7k.
The dot product D—‘} . ﬁ is:
DV - DA = (=5)(5) + (4)(2) + (7)(4) = —25 + 8 + 28 = 11,
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The magnitude of D—\} is:

DV = \/(=5)2 + (4)2 + (7)2 = v/25 + 16 1 49 = V0 = 3v/10.

The magnitude of DA is |D—1>4| = 3v/5 (calculated earlier).

Substitute:
11 11 11
cosf = =

3v10)(3v5)  9v50  45v2

Thus, § = cos™! (L)

Q Quick Tip

To find the angle between two vectors, compute their dot product and divide it by the
product of their magnitudes. Use inverse cosine to find the angle.

Part (iii) OR: Projection of DV on DA.

The projection formula is:

— =
Projection = LDA
| DA
Substitute the values: "
Projection = ﬁ
Thus, the projection of D—\} on D—1>4 is:
11
ﬁ )

¢ Quick Tip

To find the projection of one vector onto another, use the dot product of the vectors
and divide by the magnitude of the vector being projected onto.
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